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ON KANNAN-GERAGHTY MAPS AS AN EXTENSION OF KANNAN 
MAPS 


FATEMEH FOGH, SARA BEHNAMIAN, AND FIROOZ PASHAIE* 


ABSTRACT. Extending the concept of weakly Kannan maps on metric spaces, we study 
the maps as f : X — X on a metric space (X,d) satisfying condition d(f(x), f(y)) < 
(1/2) 6(d(a, y))[d(x, f(x)) + d(y, f(y))] for every x,y € X and a function B : [0,00) > [0, 1) 
where for every sequence t = {tn} of non-negative real numbers satisfying 8(tn) — 1, while 
tn — 0. Such a map is named the Kannan-Geraghty map because of its relation to weakly 
Kannan map and Geraghty contraction. Firstly, we show that our new condition is different 
from weakly Kannan condition. Having proven the fixed point theorem, we present two 
useful results on Kannan-Geraghty maps. Also, we illustrate some examples of Kannan- 


Graghty map having interesting properties. 


1. INTRODUCTION 


In 1968, R. Kannan started the study of fixed point theory on some contractive maps. A 
map f : X + X ona metric space (X,d) is said to be contractive if it satisfies the condition 
d( f(x), f(y)) < qd(ax, y) for any x,y € X and a fixed real number gq € [0, 1). If the coefficient 
q (instead of a constant number) be a function as q: X x X — (0,1) satisfying the condition 
sup{q(x,y)|a,y € X,a < d(a,y) < b} < 1 for every positive real numbers a and 6 (with 


a <b), then f is said to be weakly contractive. 
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The well known Kannan Theorem was a variant version of the Banach contraction principle 
({5]). The Banach contraction principle says that every contractive map on a complete metric 
space has a unique fixed point. In Ruis and Melando extended Kannan theorem to the 
class of weakly Kannan maps, and then they gave a continuation method for this class. 
Recently, the single and set-valued a-n-1-contractive mappings have been studied in [4]. 

In this paper, based on the articles [i] and [8], we present the concept of Kannan-Geraghty 
maps, and we prove that Kannan-Graghty self mapping has a unique fixed point, and also 
Kannan-Geraghty non-self mapping has a best proximity point. Then we show two theorems; 
in the first theorem, we show the relation between weakly Kannan and Kannan Geraghty 


and in the second, relation between Kannan-Geraghty and weakly Kannan mappings. 


2. PRELIMINARIES 


In this section, we recall some basic notations, definitions and theorems from references 
[71 2] [8]. We discuss on the class T consisting of all of functions 6 : [0,00) — [0,1) 
such that for every convergent sequence t = {t,} of non-negative real numbers satisfying 


B(tn) 4 1 while t, — 0. 


Definition 2.1. ({2]) Let (X,d) be a metric space. A mapping f : X — X is said to be 
a Geraghty-contraction if it satisfies the condition d(f(x), f(y)) < B(d(x,y))d(a,y) for a 


continuous function B ET. 


Theorem 2.1. ({2]) Let d(X,d) be a complete metric space and f : X + X be a Geraghty- 


contraction. Then, f has a unique fixed point. 


Following the Geraghty notations, for any two disjoint sequences = {xp} and y = {yn} 
of points in a metric space (X,d) (s.t. tn # Yn for n = 1,2,3,---), we use two sequences of 
non-negative real numbers 6(%,¥) := {5n(Z,y)} and A(z, y) := {An(Z, y)} defined by 


d(f (xn), f(Yn)) 
d(Xn, Yn) 


OnlE, 0) = dn Yn) and Ap(z,4) = 


Theorem 2.2. ({5]) Let f : X — X be a contractive mapping on a complete metric space 
(X,d) and take vp € X and zp = f(a@n_1) for n = 1,2,3,---. Then, rn + roo in X, where 
Loo is the unique fixed point of f, if and only if for any two subsequences @ := {xp} and 


£ := {x,,} ( where x, # z,,, for n =1,2,3,---) we have 


An(é, 4%) 7 1 => d,(%, £) > 0. 
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Definition 2.2. ({9]) Let (X,d) be a metric space. A mapping f : X — X is said to be 


weakly Kannan if it satisfies the condition 


a(F(2), Fly) < tae, Fla) + aly, Fey) 


for every points x,y € X, wherea@: X x X — (0,1) is a real-valued function satisfying the 


condition 


O(a, b) := sup{a(z,y):2,yE X anda<d(a,y) <b} <1 


for every positive real numbers a < b. 


Theorem 2.3. ({i]) Let (X,d) be a complete metric space. If f : X — X is a weakly 
Kannan mapping, then f has a unique fixed point x* and the Picard sequence of iterates 


{f"(x)}nen converges to x* for every x € X. 


Now, let A, B be two nonempty subsets of a metric space (X,d). The subsets Ag and Bo 
of A and B (respectively) are defined as follow: 
Ao := {2 € A: d(xz,y) =d(A, B), for some ye B}, 
Bo := {y€ B: d(z,y) =d(A,B), for some xe A}, 


where d(A, B) := inf{d(z,y): x € A and ye B}. 


Definition 2.3. ((9]) Let A,B C X be two nonempty subsets of a metric space (X,d) and 
f:A— B be an arbitrary mapping. An element x € A is said to be a best proximity point 


of the mapping f if it satisfies the equality d(x, f(a)) = d(A, B). 


Definition 2.4. ((9]) Assume that A,B C X be two nonempty subsets of a metric space 
(X,d) with Ap #0. 

(i) The pair (A, B) is said to have P-property if for any points 71,22 € Ag and y1, y2 € Bo, 
we have: 


d(x1, yi) = d(x2, yo) = d(A, B) = d(a1, 22) = d(y1, y2). 


(it) The pair (A, B) is said to have weak P-property if for any x1,%2 € Ao and y1, y2 € Bo, 


we have: 


d(x1, 41) = d(x2,y2) = d(A, B) > d(a1, x2) < d(y1, y2) 


Here, we remember the straightforward generalization of the concept of weakly Kannan 


map and Geraghty contraction to the non-self-mapping case. 
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Definition 2.5. ((9|) Let (A, B) be a pair of nonempty closed subsets of a complete metric 
space (X,d). A map f : A— B is said to be weakly Kannan if it satisfies the inequality 


a( F(x), f(y)) < © 2Y aw, #(a)) + dly + Fly) ~ 2d, BY) 


for every x,y € X and a real-valued function @: X x X — [0,1) such that O(a,b) := 


sup{a(a,y):a< d(a,y) <b} <1 for every real numbers 0 <a< b. 


Definition 2.6. ([2|) Let A, B be two nonempty subsets of a metric space (X,d). A mapping 


T:A-— B is said to be a Geraghty contraction if there exists G € T such that 
d(Tx,Ty) < B(d(a,y))d(a, y) 
for every x,y € A. 
Notice that since 6 : [0,co) — [0,1), we have 
U(Tx,Ty) < B(d(x,y))d(2,y) < d(x, y), 


Therefore, every Geraghty-contraction is a contractive mapping. 
Finally, we introduce two new versions of contractive mappings, namely Kannan-Geraghty 
maps separately in selfmapping and non-selfmapping cases, on which we will prove fixed point 


theorem in the next section. 


Definition 2.7. Let (X,d) be a metric space. A mapping f : X — X, is said to be a 
selfmapping Kannan Geraghty map if there exists a real valued function 8 € T such that, for 


all x,y © X we have 


— Bla(e,y)) 


d(f(x), Fy) < ~~ — Ia, F(z) + dy, FY))]. 


Definition 2.8. Let (A, B) be a pair of nonempty closed subsets of a complete metric space. 
A mapping f : A— B is said to be a non-selfmapping Kannan Geraghty map if there exists 


real valued function 6 € T where we have 


a(F(2), £(y)) < © FED ao, #(0)) + dly, FD) (2.1) 


for every x,y € A. 
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3. MAIN RESULTS 


In this section, we prove some theorems among them Theorem and theorem is 


our main result. Also we give some examples. 


Theorem 3.1. Let f : X — X be a Kannan-Geraghty map on a complete metric space 
(X,d). Then, f has a unique fixed point u € X and for any x € X, the sequence of iterates 


{ f"(ao)} converges to u. 


Proof. Since f : X — X is Kannan-Geraghty mapping, there exists a function 


B : [0,00) — [0,1) satisfying the following condition 
B(tn) 71>tr- 0. 


Consider any 7p € X and define x, = f(@p—-1),n = 1,2,.... We assume that d(xo, 71) > 0, 
otherwise there is nothing to prove. We prove that d(xp, %n+41) — 0, and then, {x,,} converges 
to a point wu which is the unique fixed point of f. 


From the following inequality 


(d(@n,@n—1)) 


A F(0n), £(En-1)) < POD) arg, Fn) + dent, f@n-1))] 


we have 


B(d(@n, fn-1)) 


5 ht ins ig ee) ae Geta) |, 


On dt; ig) < 


which gives 


Aarts) < Ame) aay, 241) + Aart, 2nd] 


[5A In41) A Mene rn) A(2n-1, tn)]; 


IA 


and hence, we have 
A(an+1,8n) S B(d(@n, en-1))d(an, n-1), 
then 
Cty city) <a tn ea (3.2) 
So, by (3.2), {d(an, %n—1)} is a decreasing sequence of non-negative real numbers, and hence 
there exists r > 0 such that 
Jim CG Si =F: 


In the sequel, we prove that r = 0. 
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Assume r > 0, then from (3.2) we have 


rol Gone si.) 


: * OG iis Ln) 


<= P(d(ta-iy%n)) <1, (3.3) 


for any n € N. By the Sandwich theorem, from the inequality 8-3} we get lim BA tpi; 0n)) = 
nm CO 
1, which contradicts with the continuity of 6 € I. Hence we obtain r = 0. Therefore, we 


have lim d(%n,%n+41) = 0, which means lim d(xn, f(an)) = 0. Now, from the inequality 


B(d(2n,m))[d(an, f(an)) + dam, F(am))] 


for all m,n € N, we have 
1 
CGnars Diet) < FP (alen, Rey) [bonis eet) a Orns Smit) | 


which implies that both sequences {x,} or {f(a#,)} are Cauchy sequences. Since (X,d) is 
complete, the sequence {f(x,,)} is convergent to a point u, and also, x, — u. Indeed, wu is 
the fixed point of f, because we have: 
a(u, F(u)) = lim d(f(en), F(u)) 
< tim 4A(d(n,u))[d(u, f(u) + den, fn)] 
=}( tim B(dlen,u))){dlw, fu) +0) 
< 5d(u, f(u)), 
which gives d(u, f(u)) = 0, and then f(u) = wu. Finally, we show that f cannot to have 


another fixed point. Assuming a point z to be a fixed point of f, we have 


d(u, z) = d(f(u), f(z)) < B(d(u, z))[d(u, f(u)) + d(z, f(z))] = 9, 
hence z = u. 


Theorem 3.2. Let (A,B) be a pair of nonempty closed subsets of a complete metric space 
(X,d) such that Ap is nonempty. Let T: A— B be a Kannan-Geraghty mapping defined as 
Definition|2.4 Suppose that T(Ag) C Bo and the pair (A, B) has the weak P-property. Then 


T has a unique best proximity point x* in A such that d(a*,Tx*) = d(A, B). 


Proof. We first prove that Bo is closed. Let {yo} C Bo be a sequence such that 


Yn > @q € B. It follows from the weak P—property that 


A(Yns Ym) + 0 => d(&n,Lm) > 0 
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as n,m — oo, where Ln, Lm € Ag and d(%n, yn) = A(A, B), d(am, Ym) = d(A, B). Then {zx} 
is a Cauchy sequence so that {x,} converges strongly to a point p € A. By the continuity of 
metric d we have d(p, q) = d(A, B), that is, g € Bo and hence Bp is closed. 

Let Ao be the closure of Ao. We claim that T(Ao) C Bo. In fact, if 2 € Ao, then there 


exists a sequence {x,}C Ao such that x, — x. By the continuity of T and the closedness of 


Bo we have Tx = limn40Tx € Bo. That is T(Ao) C Bo. 
Define an operator PAg : T(Ao) + Ao, by PAo = {x € Ao : d(x, y) = d(A, B)}. Since the 
pair (A, B) has the weak P—property 
d(PAoT'x1, PAopT x2) < d(T x1,T x2) 
< Oe D a(erPe1) + d(x2, Tx2) _ d(A, B) 
< Bae) (d(x1, PAoT 21) + d(x1, PAoT 21) 
+ d(x2, PAgT x2) + d(a2, PApT x2) — 2d(A, B) 


< Mee Water, PAoT x1) + d(x2, PApT x2). 


For any 21,272 € Ag. This shows that PAgT’ : Ag —> Ap is a Kannan Graghty mapping from 
complete metric subspace Apo into itself. Using Theorem|3.1] we can see that PAoT a unique 
fixed point «*. That is, PApT'a* = x* € Ap, which implies that 


dic” Tx") =a A,B). 


Therefore, x* is the unique one in Ap such that d(a*,Tx*) = d(A, B). It is easy to see that 


x* is also the unique one in A such that d(a*,T*) = d(A, B). The Picard iteration sequence 
Int = PApT rn, n = 0,1, 2,... 
converges, for every 2 € Ao, to x*. Since the iteration sequence {x2,}?° 9 defined by 
Top+1 = Tex, A(Lon41,Lak+2) = a(A, B), k = 0,1, 2..., 


is exactly the subsequence of {x,,}, so it converges, for every x € Ao, to x*. This completes 
the proof. 
Now we proof the following theorem which shows the relation between Kannan-Geraghty 


and weakly Geraghty. 
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Theorem 3.3. Let (X,d) be a complete metric space. If f : X + X satisfies the following 


conditions such that 


(1) Let f: X —+ X is weakly Kannan mapping, then f has a unique fixed point x* ; 
(2) Let f: X + X is Kannan-Geraghty mapping, then f has a unique fixed point x*; 


We have if 1 then 2. 


Proof. 152 


A mapping f : X — X is said to be weakly Kannan provided that 
U(f(2), (y)) < $(e,wldle, far) + fy, Fu) 
for all x,y € X, where the function @: X x X — [0,1), for every 0 <a< b, satisfy 
O(a, b) = sup{a(a,y):a<d(a,y) <b} <1. 


Put a(z,y) = B(d(x,y)), suppose L = sup{a(z,y) | a < d(a,y) < b} < 1, for0 <a<b. 
Let sup{Z} > 1 then, a(z,y) > 1 or B(d(an,Yyn)) + 1 therefore d(an, yn) > 0, this is a 


contradiction . Because 0 < a < d(an, Yn). Hence a = b= 0, then f is Kannan Graghty and 


d( f(x), (y)) < B(d(a, y))[d(a, fa) + Fy, Fy). 


By using theorem[2.1] f has a unique fixed point. 


1 
Example 3.1. Let X = {(1,z):0<a< io! and define f : X + X as follows: 


2 
f(l,y) = (1,4). 


yt 
We have 
2 2 
yy Y2 ) 2 
_ < _ 

KB <b — al 
< |yr — yal lyr + y2l 
< =ly — gol 
= 5/1 Y2 
1 2 2 2 2 
< sin - t+ me - St SD 
5 yitl yw+l yotl yotl 
Mig ese TM ug aj) va 
~ 5 yrt+1 yitl yotl yotl 
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Then 
4 yf V5 1 Yi V5 
clea 2 |< (ly +—| + |y2-—*—}), 
Hel yal 5 itl yot1 
now we get result 
2 2 2 2 
1 
M2) < 2 (y, — | + |p - 2) 
ytl ywtl” 4 vial yo+1 
ee ee 
~ 2'1+d(y1 — ye) yr yo+1 
then f is weakly Kannan. with 
A(d(y1,¥2)) 
2) =>, 
aoe 1+d(y1 — ye) 
1 _ 
Then f is weakly Graghty. Put ——————~ = £(2,y). So for every0 <a <b. By using 
1+ d(y1 — ya) 


theorem|3.4, f is Kannan Graghty and has a unique fixed point. 


Theorem 3.4. Let X be a compact metric space and f : X — X be a Kannan mapping, 
and for arbitrary x9 € X, the Picard iteration process defined by tn = f(an—1) forn > 0. 
Then f has a unique fired point %oq in X, Ln > Loo in X, iff there exists a subsequence Xp, 


and Xk, (Lhn F Lk, ) such that 
An > 1 only if dy — 0. 


Proof. There exists a subsequence xp, and vx,,, such that %, — Xo. Then clearly 
dn = d(xp,,,&k, ) 2 9, and the condition holds. 

Next, for given initial point zp) in X, we assume that the condition is satisfied. then 
dn = d(%n,%n+41) is non-increasing, for d(xp,,,Xx,,) < 1, and then it is convergent to the real 
number d, such that d > «(0 < «). Assume € > 0, and hn, = n and ky = n+ 1, so we have 
dn — € > 0, While A — 1, which is a contradiction. Thus d(%p,a%n+41) > 0. 

Suppose, for a contradiction, that the sequence of iterates {x,} is not Cauchy, the real 


number 


Dy = sup d(Zn,%m) > €. 
m,n>N 


is called the diameter of the sequence {%,}n>n, So there exists € > 0 such that Dy > e«. 
1 
For any n > 0, We choose N,, sufficiently large number, such that d(@m,%m+41) < — for 
n 
all m > Nm, Let hyn is the smallest integer such that h, > Ny. For ky > hn, we have 


d(xp,,,Lk,) > €. Such pairs exist by the above diameter condition. 
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Again we consider the sequence k,, and put k, — 1 = hy or else d(xp,,,Xx,,-1) < €. In 


either case we have ¢ < dy, = d(%p,,,Xz,) <E +1. 


Moreover, by using the triangular inequality, for all xp,,, rz, € X, we have 


A(Thryt1,Thnt+2) = Af (Lh, )s f(Tan41)) 
= d(f (hn), f(Lkn)) 
(d(Zhys Tht) + A(Tan+1;Thnt2)) 


= d(f(xn,,); f(®hn41))- 


Where 6 € [0,1). So 


A(T, +1, Lhn+2) < Bd(xp,, ? Dpctays 


d(x Pas 1 
Without loss of generality, we may assume that (@hyt1 Thin +2) >1 , SO 
d 1 


So dn + € > 0 while A, + 1, which is a contradiction. Hence {x,} is a Cauchy sequence in 
X and X is complete, we have ty > Yoo for some Xoo in X, then roo is a unique fixed point 
of f and the proof is complete. 

we present a theorem and after that we bring S—Kannan theorem which shows the relation 
between Kannan and contractive mapping. The proof of our main theorem is inspired by 


this theorem. 


Theorem 3.5. /[S—Kannan/ Let X be a compact metric space and f : X + X be a Kannan 
mapping, and let for arbitrary x9 € X the Picard iteration process defined by tn = f(n—1) 
forn>0O. Then f has a unique fixed point to in X, In F Loo in X, iff 

(i) there exists B : X x X —> (0,1), such that for every 0 < a < 6b and for all n,m and 


In,Lm © X 
Cen te) Seu {Olt ) ed SA ta) OP 
and 


AF 2m), Fm) < PE) arg, f(n)) + dns Fm) 


(it) B(an, 2m) € S 
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Proof. It suffices to prove that § in S' satisfies the condition of Theorem [2.2] Let 
B = y(d(@n,Yn)), where the class y denotes function y : [0,00) — [0,1) satisfying the 
following condition 


(tn) 71> tn 70 


for every 0 <<a <b, let L =sup{a(%p, yn)|a < d(Ln, yn) < b}, and let lim sup{Z} = 1 implies 
B(2n, Yn) 2 1 or y(d(an,Yn)) 4 1. Hence d(ap, yn) > 0. it is a contradiction, because 
0<a< d(a%n, Yn), 80 a = b = 0. So ¥ holds in delta, the conclusion is exactly the same as 
what we had in theorem 

Define 6: R* > R by 


2d(f (tn), f(@m)) 
=su 
P= SWC, Flan) + Ain, Fm) 
Since f is a Kannan , all quotients are below 1 and so £ is defined for all t > 0 and 8 < 1. 


= (Sn, 8m) = t} = A dns Xm) ) = alin): 


It is clear that 6 satisfies in (i). 
Before presenting an important result, we first present a preliminary result: 
let zo be an arbitrary point in X. We define the iterative sequence {rp} by tn = f&n,,n = 


1,2,..., we have 


No/D 


d( fin, fEn41) = A(Fn41;En42) < (d(2n42,0n41) + d(tn41,2n)), 


so 
1 £ 
d(@n41,%n42) S 9 1-8 d(2n,fn41), 
by the same argument, 


me 


1_ a) d(x, %p): (3.4) 


1 
d nit; Pao) < 9 ( 


By (3.4), for every m,n € N such that n > m we have 


A F(0n), £m) < 5 (dln, Flan) + dams Flem))) 


ot 
Aansastmet) <5 (Aen, f(n)) + Alem, F(em))) 
So 
Angas tmst) <5 (den, -tn41) + Alm, :tms1)) 
= F (dla, Tm) + me, tn1)) + Bd, ems) 
< 5 (dln, itm) + Atma, tn4a)) + (=a )"aleo, 2). 


l= 2 


12 


So 


or 
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Cy tig Vinci) < B Begs Brn) 


Now, let 8(t,) > 1 for t, € R*. We may further assume without loss of generality that 


agg) SPA) 


We must show that t,, — 0. Since a(t,,) is an upper bound. So for each n > 0, there are xp, 


and zx,, in {x,}, such that 


and 


Ce Diag = tn, 


1 GF De yd Oey) _ 
1 = < ae <B= a(tn) <1. 


So A, — 1. Hence from theorem |3.4{ we have d(xp,,,v%,,) + 0. So tn + 0. This completes 


the proof. 
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REMARKS ON THE GEOMETRY AND THE TOPOLOGY OF THE 
LOOP SPACES H°*(S!,N), FOR s < 1/2. 


JEAN-PIERRE MAGNOT* 


ABSTRACT. We first show that, for a fixed locally compact manifold N, the space L?(S7, N) 
has not the homotopy type of the classical loop space C™ (Sst, N), by two theorems: 

- the inclusion C*(S', N) C L?(S', N) is null homotopic if N is connected, 

- the space L? (St, N) is contractible if N is compact and connected. 

Then, we show that the spaces H*(S 'N ) carry a natural structure of Frélicher space, 
equipped with a Riemannian metric, which motivates the definition of Riemannian diffeo- 


logical space. 


1. INTRODUCTION 


The objects studied in this paper are spaces of maps from S$! = R/27Z to a locally 
compact, connected manifold N embedded into an Euclidean space V, usually called loop 
spaces. The most studied loop space is the space of smooth loops C%(S$', N), or of smooth 
based loops Cp°(S!, N) where only loops starting and ending at a fixed basepoint x € N 
are considered. Embedding C™(S', N), resp. O5°(S1!,.N), into C%(S', V), one can consider 


spaces of loops with lower regularity in the following way: considering e.g. the Sobolev 


Received:2018-04-30 Revised:2018-07-04 Accepted:2018-09-16 
2010 Mathematics Subject Classification: 55P35, 55P10, 53Z99, 57P99. 
Key words: loop space, loop group, homotopy, diffeology, Frélicher space. 


* Corresponding author 


14 


GEOMETRY AND TOPOLOGY OF H°(S!,N), FOR s < 1/2. 15 


spaces H*(S',V), a simple way to define such loop spaces is to make the closure of 
C™(S1, N), resp. C§°(.S!, N), in H*(S!,V), noted H*(S', N), resp. Hé(S1, N). For s = 0, 
we get the space of loops in the L?—class, noted by L?($', N), and when the target space is a 
Lie group G, H*(S',G), resp. H?(S1,G), is called the H*—loop group, resp. the H*—based 
loop group. The loop spaces H*(S', N), for s > 1/2 are well-known Hilbert manifolds, and 
the loop groups H*($',G) are Hilbert Lie groups, since [14]. But 

very often geometry and analysis stops for s < 1/2, because the classical construction 
of a smooth atlas on these spaces requires an inclusion into the space of continuous loops 
C°(S!, N), via Sobolev embedding theorems. The same holds for loop groups H*($', G), see 
e.g. [27], where one can read also that, for s = 1/2, most loops y € H!/2(S', G) — C°(S", G) 
are not easy to study. One can extend this remark to s < 1/2. 

The aim of this paper is to give a first approach of some topological properties of some 
of these spaces for s < 1/2, and propose an adapted geometric setting. In a first part of the 
paper (section [3). we show that there is no homotopy equivalence between L?(S!, N) and 
H*(S', N) for s > 1/2, which furnishes a great contrast with the known: for s > k > 1/2, 
the inclusion H*(S', N) c H*(S', N) is a homotopy equivalence [9]. 

Motivated by the fact that mathematical literature often use weak Sobolev metrics on 
C™(S!,N), especially H'/? and L?—metrics (see e.g. [IG] [27] [B0]), a natural question is the 
geometric setting that would enable to discuss with the topologico-geometric properties of the 
full spaces H*(S', N) for s < 1/2. We then need to find a setting that describes finer struc- 
tures than the topology, and which enables techniques of differential geometry. We choose 
here the setting of Frélicher spaces, which can be seen as a particular case of diffeological 
space [29], and we develop for the needs of the example of loop spaces the notion of 
Riemannian diffeological space. As a final remark (section [5.2), we show that the canonical 
(weak, H 1/ 2) symplectic form on the based loop space naturally extends to the (full) based 
loop Hy! *(S1,N ), while the Kahler form of the based loop group does not have the same 


properties. 


2. PRELIMINARIES ON LOOP GROUPS AND LOOP SPACES 


Let I = [0; 1]. We note by (fn)nez the Fourier coefficients of any smooth map f. Recall 
that, for s € R, the space H*(I,C) is the completion of C(I, C) for the norm ||.||, defined 
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by 
IIB = a+ ep taP = f a+ aves 
neZ st 
where A = -A5 is the standard Laplacian, and S' = R/Z. The same construction holds 


replacing C by an algebra M of matrices with complex coefficients, with the hermitian prod- 
uct of matrices (A, B) +> tr(AB*). If there is no possible confusion, we note this matrix norm 
by |].|| or by ||.||az if necessary. Let N be a smooth connected manifold, with Riemannian 
embedding into M. We can assume that the 0—matrix, noted 0, is in N with no loss of 
generality since the space of Riemannian embeddings from N to M is translation invariant 
in M. The loop space C®(S", N) is a smooth Fréchet manifold (see [9] for details). The 
submanifold of based loops C°°($', N) is here identified with loops y € C™(S1, N) such that 
(0) = 0. Let us now consider a compact connected Lie group G of matrices. We note by 
C™(S1,G), resp. C§°(S1,G), the group of smooth loops, resp. the group of based smooth 
loops y such that 7(0) = y(1) = eq. (When dealing with based loop groups, the chosen 
basepoint is the identity matrix Jd for trivial necessities of compatibility with the group 


multiplication) 


Definition 2.1. We define H*(S',G), resp. Hé(S',G), as the adherence of C~(S!,G), 
resp. CS°(S',G), in H#(S1; M). 


For s > 1/2, it is well-known, that H*°(S',G) is a Hilbert Lie group. The key tool is 
the smooth inclusion H*(S!,M) c C°(S1,M), which enables to define charts via tubular 
neighborhoods, and to define the group multiplication and the group inversion pointwise by 
the smoothness of the evaluation maps, see the historical paper for details, see also 
for an exposition centered on loop groups. The biggest Sobolev order where this fails is 
s= 1/2: For «> 1/2, 

(1) the norm |].||; induces a (strong) scalar product <.,. >; on H*($1,g), which induces 

a left invariant metric on TH,(S',G). 


(2) if 1/2 < s, the H*—scalar product < .,. >, induces a weak Riemannian metric on 


TH,(S',G), but the H*-geodesic distance is non vanishing on H*(S1,G), for k < s. 


The motivation of this last remark can be found in recent works [6} [7] where are 
given some examples of weak Sobolev H* metrics on manifolds of mappings with vanishing 


geodesic distance. 
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3. THE CASE s = 0: ON THE HOMOTOPY TYPE OF L?(S', N) 


Let us now analyze L?($!,N) when N is connected. 


Lemma 3.1. Let T = {(I,s) € I?|s < l andl > 0. There exists a map y € C®(T, (0; 1}) 


such that 
V1, (1,0) =0 
V1, p(i,l) =1 
V1, 92(1,0) =1 
V1, 2(1,D =1 
V1, Vk > 1, = £(1,0) =0 


V1, Vk > 1, *2(i,1) =0 


’ Os 


One can choose the following map: 


y(l,s) = i ‘GamyanO# 


where 


1 ift <1/3 ort > 21/3 


(3—21) 


1 otherwise 


and m4 /61(t) = 6lm(t/61), with m a standard mollifier with |—1;1] support. 


Proof. The solution given fulfills the conditions required by classical results of 


analysis. 


Notice that with such a function y, we have that 2 (1, s) < 3/l, and that 2 (1, s) Es 
M(s) € R4, for any fixed 0 < s < 1. For a sequence (s,,) such that s, — 0, the sequence 
M (sy) is unbounded, were as one can take M/(0) = 1. These properties are necessary for the 


proofs of the rest of the section. 


Theorem 3.1. 12(S1,N) = L?(S!,N) and for any loop y in C®(S1, N) there is a map 
P € C°((0; 1), £7(S', N)) such that P(0) = y and P(1) is null-homotopic piecewise smooth 


loop in L?. 


Proof. We now assume that 0 € N. Let y € C%(S', N) such that 7(0) = x 4 0. Let 
T : [0;1] — N be a null-homotopic smooth loop such that 7(0) = Id, 7(1/2) = x, 7(1) = 0, 


T(1/2) = ¥(0) in TN. Such a loop exists considering a neighborhood in N of a smooth path 
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starting from 0 and finishing at x. Let T = {(1,s) € I?|s <l and 1 > 0. Let y € C™(T, [0;1)) 
such that 

V1, y(1,0) = 0 

Vi, y(I,l) =1 

V1, $2(1,0) =1 

V1, 2(1,) =1 

V1, Vk > 1, S£(1,0) =0 

V1, Vk > 1, S¥(1,1) =0 


With the example given in Lemma [3.1] we have that 
dp 
MAL se[o;1] 5 s) < 3/l. 


Let us consider the family of piecewise smooth paths h € [0; 1] ++ y, such that 


T 0 y(h/2, s) if s<h/2 
yal(s)=4 youo(l—h,s—h/2) if h/2<s<1-h/2 . 
70 y(h/2,1—s) if s>1-h/2 


One can check that this is in fact a smooth path, considering the Taylor series at the con- 


necting points s = h/2, s =1—h/2 and s = 0. Let us take the limit when h — 0. 
2 le 2 
Inn —allbacstsa =f nals) — 1e)llhads + 
1-h/2 : 
J linnls) = 106) 1Bads + 
h/2 


h/2 ? 
/ llya(s) — (8)1B ds 
1-h/2 


h/2 
- i Ilr 0 w(h/2, 8) = y(a)| Rade + 


1-h/2 ; 
I llyoe(1— he —h/2) — (6) [Ade + 


h/2 ; 
/ Ilr 0 y(h/2,1— 8) — 7(s)| yds 
1-h/2 

h( step ,cqo.llr(¢)|| + supsefoey||7(9)II) 
a 2 


(1—h). (nara er Ole 


2 
| 
T 


Shsupscioyll¥(s)Il\* | 
2(1 — h) 


h(supsefoajll7(s)| + suPpsepojll7(s)Il)” 
2 
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So that, 
lim yy, = 
a YY 
which shows that y is in the L?— closure of Cg°(S!, N). Thus we get that L7($1,N) = 


L2(S1,N). On the other hand, when we take the L?—limit of +, when h + 1, we get with 


the same techniques: 
lim y,=7T V7 1. 
hol 


Let us now give another result from the techniques described in the proof of last theorem: 


Theorem 3.2. The natural injection CS°(S1, N) + L?(S1,N) is homotopic to a constant 


map. 
Proof. Let y € C§°(S1, M). Let 
H(s',y)(l) = yo v(1—- 831) forO<1< 1-8’, 


with » defined by Lemma|3.1] that we extend by the constant path on [1 — s;1]. H(0,7) = y 
and H(1,7) is the constant loop. For 0 < s’ < 1 H(s,7) is a piecewise smooth loop, with 
only one angular point at | = 1 — s’, and hence is in L?. We have now to get a continuity 
property for the map s’++ H(s',y). Let s,t such that O<s<t<1witht—s< %< z. We 
are using in the sequel the following majorations: 

e the classical estimate of the Lipschitz constant of a C! path: ||y(s) — y(t)|| < (t— 
s)maxs<i<e||¥()|I; 

e and since S is compact, ma’se(o,1)|/(s)|| = ky < +00 

which implies 


e on the one hand, since t—s < | < 7 for 1 € [1—t;1-s], (1 s,l) = 1, which implies: 


x 


l=s 1-s 
/ yo p(1— 931) —7(Q)|Pal < mazocerll@ Il? i Via =et =n a 
=t 


= 


IA 


(t— s)maroci<all¥O)I|? 


e and on the other hand, setting M(l) the Lipschitz constant of the map ¢(., 1), : 
Io(1-s,1)-y(1-#,)| < M((t-s) > ||yop(1-5,1)—799(1-t, 8)|| < M((t-s)mazocieall+l| 


On the interval [(1 — t), (1 — s)] C [0;1[, we have that M/(l) is bounded by a constant noted 
Kat 
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With these two inequalities, we get: 
2 a 2 
|H(s,7) - HE, Vi irag1.m) = i Ilyo p(l — 831) -—yo pl —#;D)||Pdl + 
1l-s 
J. revs - ayia 
1-t 


+f Ina)-raylPa 


—Ss 


IA 


kse(1 — t)(t — s)marocr<i||4(0)|/? 


+(t— s)maxgci<al|¥(0)||? +0 


Hence, for a fixed smooth loop y, s’ +> H(s’,y) € C°(]0; 1]; L7(S!, M)). We need to show 


continuity at s’ = 0. We get the following inequalities: 


1 
20,7) - HE NRasay =f llree- 4) -a)IPa 


it 


IA 


tMaxoecl<1 | y() | |? 


which completes the continuity in the first parameter. We remark that, for fixed y, H is not 
Lipschitz in the first parameter, since k,4 is not bounded for (s,t) in the neighborhood of 


(0; 0). 


We now have to show that the map y+ H(s,7) is continuous for the L?—topology. For 


this, we only have to remark the change of coordinates formula: 
2 2 
lly — TIIr2¢st,m) = [ Ilyro~(l—s,l)-—rop(l—s,I|Ae( — 8, 1)dl. 
Since O)p(1 — 8,1) > 1 forO <1 <1 -<s, we get 
2 ' 2 
(8,7) — H(s,7)IBasi.ay = [ lireet-s.)-reett—s.dIPal 
l-s 
= f lreets,)-ro ps, /Pa 
0 


l-s 

< fleets) -rog(t —s,0||Pae(t — 5,1) 
0 

eae T|[Za¢91,04) 


Hence the map y++ H(s,7) is 1—Lipschitz. 


Corollary 3.1. Let k > 1/2. The canonical inclusion i: H®(S', N) + L?($1, N) induces a 
O—map i, : H,(H%(S1, N)) > H,(L7(S', N)) and i, : 1.(H%(S!, N)) > 74(L7(S1,N)). 
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Proof. If k > 1/2, the canonical inclusion C§°($1, N) > H§(S', N) is a well-known 


homotopy equivalence between smooth manifolds. So that, by Theorem|3.2} we get the result. 
We now finish this section with the following result: 


Theorem 3.3. Assume that N is connected and compact. Then the space L?(S',N) is 


contractible. 
Proof. For convenience of the proof, we assume that 0 € N. Let H(t, y)(s) = 1ls<ry(s). 
© A(t, Vilzasty < [As<elleocst wall iz2¢st,m) = Ilrilz20s1.a4) So that H(t,y) € 


L?(S', M). Remarking that H is linear in the second variable, we get that H(t,.) is smooth 
on L?($', M). 
e Let y € L7(91, N). There is a sequence (7n)nen € C§°(S', N)N that converges to 7. 
Claim: The sequence (H(t, n))nen is in L?(S1, N). For this, for fixed t and n, we consider 


reparametrizations of y, for p € N* such that t—1/p<1: 


Yn(s) if Sat 
6n(8)= 4 n(t+p(s—t))if t<s<t4+1/p 
0 otherwise 


We have that the sequence (6,) is in the Sobolev class H', and 
tl/p 1 llrnll zest 
n M 
IIbp — H(t, Yn) I |nacst.my = ( i balls = 09) -—_ 
t 
which shows that (6,) converges to yn. Since C%(S1, N) is dense in H!(S1, N) [14], we get 
that (H(t, yn))nen is in L?(S', N). 


Now, we have 


|Z (t,%m) -— HE, Vleet) Slim — YIz2¢s1,) 


So that H(t, -y) € £7(S', N). 
e Let y € L7(S1, N). For (t’, t’) € [0;1]?, with t’ > t, we get 


|Z@,y) -Abé Vesti < (ACL) - Be wiles 
HA, in) — A(t wn) lz2(91,a) 
+H (t, %n) — F(t, y)Ilz2(s1,.0) 
< 2Ily — yallz2(s1,m) 
+||H(t, In) — H(t, Yn) Ilz2¢51,M) 
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Now, N is compact so that, k = supzen||x|| < +00. For this, we get 


IA 


|H (tm) — A(t, )Iln2(51,.M0) Kl |1 pee |lz2¢91.1) 


= k(t’ -t) 


Inserting this last inequality in the previous one, for € > 0, choose (t/ — t) < €/3k and n such 
that ||y — yn|lz2(s1,m) < €/3, we get that ||H(t’, y) — H(t, y)||z2(91,m) < €& which shows H 


is continuous in the first variable, and ends the proof. 


Remark 3.1. The same procedure can be adapted replacing L?(S',N) by L?(M,N), with 
M compact manifold. With the same arguments, one can build the homotopy map with a 
smooth Morse function, and mimick line by line the last proof. This proof will be developped 


elsewhere, for the sake of unity of the exposition. 


4. RIEMANNIAN METRICS AND HAUSDORFF MEASURES ON DIFFEOLOGICAL SPACES 


Diffeological spaces and Frolicher spaces will furnish a setting to deal with the differential 
geometry of the loop spaces H*(S', N). For preliminaries on diffeological spaces and Frélicher 
spaces, we refer to and to [20]. For convenience, the necessary material and a 
complementary bibliography is given in section [4.1] We now describe an extension of some 


basic structures of Riemannian manifolds to diffeological spaces. 


4.1. Preliminaries on diffeologies and Frélicher spaces. The objects of the category 
of -finite or infinite- dimensional smooth manifolds is made of topological spaces M equipped 
with a collection of charts called maximal atlas that enables one to make differentiable 
calculus. But in examples of projective limits of manifolds, a differential calculus is needed 
as no atlas can be defined. To circumvent this problem which occurs in various frameworks, 
several authors have independently developed some ways to define differentiation without 
defining charts. We use here two of them. The first one is due to Souriau ({28], see e.g. 
for a textbook), the second one is due to Frolicher (see [IZ], and e.g. for an introduction). 
In this section, we review some basics on these notions. A (non exhaustive) complementary 


list of reference is [3] [4] [5] [10] [11] [121 [13] [21] (22) (23) [29]. 
4.1.1. Diffeological spaces and Frélicher spaces. 
Definition 4.1. Let X be a set. 


e A parametrization of dimension p (or p-plot) on X is a map from an open subset O of 


R? to X. 
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e A diffeology on X is a set P of parametrizations on X such that, for allp EN, 

- any constant map R? > X is in P; 

- Let I be an arbitrary set; let {f;:O; > X}ier be a family of maps that extend to a map 
f:Ujer Oi > X. If {fis Oi + XFier CP, then f EP. 

- (chain rule) Let f € P, defined on O C RP. Let q EN, O' an open subset of R% and g 


a smooth map (in the usual sense) from O' to O. Then, fog €P. 
e the parametrizations p € P are called the plots of the diffeology P. 


e If P is a diffeology X, (X,P) is called a diffeological space. 
Let (X,P) et (X',P’) be two diffeological spaces, a map f : X — X"' is differentiable 
(=smooth) if and only if foP CP’. 


Remark 4.1. Notice that any diffeological space (X,P) can be endowed with a natural topol- 
ogy such that all the maps that are in P are continuous. This topology is called the D—topology 
: 


Remark 4.2. Let f © P, defined on O C R?. we call p the dimension of the plot f. 
We now introduce Frolicher spaces. 


Definition 4.2. e A Frolicher space is a triple (X,F,C) such that 

-C is a set of paths RX, 

- A function f : X > R is in F if and only if for anyceC, foce C~(R,R); 

-A patho: R > X is inC (i.e. is a contour) if and only if for any f € F, foce 
C™(R,.R): 


e Let (X,F,C) et (X', F',C’) be two Frolicher spaces, a map f : X + X' is differentiable 
(=smooth) if and only if F'0 foC € C™(R,R). 


Any family of maps F, from X to R generate a Frélicher structure (X,F,C), setting 20): 

-C={c:R-X such that F,0c C C*(R, R)} 

-F={f:X —R such that foC Cc C™*(R,R)}. 

A Frolicher space carries a natural topology, which is the pull-back topology of R via 
F, see e.g. [5]. In the case of a finite dimensional differentiable manifold, the underlying 
topology of the Froélicher structure is the same as the manifold topology. In the infinite 


dimensional case, these two topologies differ very often. 
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In the previous settings, we call X a differentiable space, omitting the structure con- 
sidered. Notice that the sets of differentiable maps between two differentiable spaces satisfy 
the chain rule. Let us now compare these settings: Let (X,#,C) be a Frélicher space. We 
define 

P(F)= al { f p- paramatrization on X; Fo f ¢C°(O,R) (in the usual sense) }. 
peN 
With this construction, we also get a natural diffeology when (X,¥£,C) is a Frélicher space, 
extension of the “nébuleuse” diffeology of a manifold [19]. In this case, one can easily show 


the following: 


Proposition 4.1. Let (X,F,C) and (X',F',C’) be two Frélicher spaces. A map f : 
X — X’ is smooth in the sense of Frélicher if and only if it is smooth for the underlying 


diffeologies. 
Thus, we can state in an intuitive but comprehensive way: 


smooth manifold = Frdlicher space =  Diffeological space 


4.1.2. Frolicher completion of a diffeological space. We now finish the comparison of the 


notions of diffeological and Frolicher space following mostly [29]: 


Theorem 4.1. Let (X,P) be a diffeological space. There exists a unique Frolicher structure 
(X,Fp,Cp) on X such that for any Frolicher structure (F,C) on X, these two equivalent 
conditions are fulfilled: 
(i) the canonical inclusion is smooth in the sense of Frélicher (X,Fp,Cp) > (X,F,C) 
(it) the canonical inclusion is smooth in the sense of diffeologies (X,P) + (X,P(F)). 


Moreover, Fp is generated by the family 
Fo ={f :X +R smooth for the usual diffeology of R}. 


Proof. Let (X,F,C) be a Frolicher structure satisfying (i). Let p € P of domain O. 
F op € C™(O,R) in the usual sense. Hence, if (X,Fp,Cp) is the Frélicher structure on X 


generated by the set of smooth maps (X,P) — R, we have two smooth inclusions 
(X,P) + (X,P(Fp)) in the sense of diffeologies 


and 


(X,Fp,Cp) > (X,F,C) in the sense of Frolicher. 


Proposition [4.1] ends the proof. 
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Definition 4.3. A reflexive diffeological space is a diffeological space (X,P) such that 
P=P(fFp). 


Theorem 4.2. The category of Frolicher spaces is exactly the category of reflexive 


diffeological spaces. 


This last theorem allows us to make no difference between Fr6licher spaces and reflexive 
diffeological spaces. We shall call them Froélicher spaces, even when working with their 


underlying diffeologies. 


4.1.3. Push-forward, quotient and trace. We give here only the results that will be used in 


the sequel. 


Proposition 4.2. Let (X,P) be a diffeological space, and let X' be a set. Let f : X + X' 


be a surjective map. Then, the set 
f(P) = {u such that u restricts to some maps of the type f 0 p;p € P} 


is a diffeology on X', called the push-forward diffeology on X' by f. 


Let Xo C X, where X is a Frélicher space or a diffeological space, we can define on trace 
structure on Xo, induced by X. 


e If X is equipped with a diffeology P, we can define a diffeology Pp on Xo setting 
Po = {p € Psuch that the image of p is a subset of Xo}. 


e If (X,F,C) is a Frolicher space, we take as a generating set of maps F, on Xo the 
restrictions of the maps f € F. In that case, the contours (resp. the induced diffeology) on 


Xo are the contours (resp. the plots) on X which image is a subset of Xo. 


4.1.4. Cartesian products and projective limits. 


Proposition 4.3. Let (X,P) and (X’,P’) be two diffeological spaces. We call product 
diffeology on X x X' the diffeology P x P’ made of plots g: O + X x X' that decompose 
asg=f xf’, where f:O737X €P and f':O3 X'eEP’. 


In the case of a Frélicher space, we derive very easily, compare with e.g. [20]: 


Proposition 4.4. Let (X,F,C) and (X', F’,C’) be two Frolicher spaces, with natural diffe- 
ologies P and P’ . There is a natural structure of Frélicher space on X x X' which contours 


C x C’ are the 1-plots of P x P’. 
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We can even state the same results in the case of infinite products, in a very trivial way by 
taking the cartesian products of the plots or of the contours. Let us now give the description 


of what happens for projective limits of Frolicher and diffeological spaces. 


Proposition 4.5. Let A be an infinite set of indices, that can be uncoutable. 

e Let {(Xa,Pa)}aca be a family of diffeological spaces indexed by A totally ordered for 
inclusion, with (ig,0)(a,8)ea2 @ family of diffeological maps . If X = (\ye, Xa, X carries 
the projective diffeology P which is the pull-back of the diffeologies Py of each Xq via the 
family of maps (fa)aca-. The diffeology P made of plots g: O — X such that, for eacha € A, 


Jao GS Pos 


This is the biggest diffeology for which the maps fa are smooth. 

e Let {(Xa,Fa,Ca)}baca be a family of Frolicher spaces indexed by A totally ordered for 
inclusion, with (ig.a)(a,8)ea2 & family of differentiable maps . with natural diffeologies Pa. 
There is a natural structure of Frélicher space X = () 


C= \Gs 


aca 


acd Xa, which contours 


are the 1-plots of P =(\ye, Pa- A generating set of functions for this Frélicher space is the 


set of maps of the type: 
|) Fn fo: 


acA 


4.1.5. Differential forms on a diffeological space and differential dimension. 


Definition 4.4. Let (X,P) be a diffeological space and let V be a vector space equipped 
with a differentiable structure. A V—valued n— differential form a on X (noteda € Q"(X,V)) 


is a map 


a:{p: Op > X} EPH ay € 2" (p;V) 
such that 
e Let x © X. Vp,p' © P such that x € Im(p)NIm(p'), the forms ap and ay are of the 
same order n. 
e Moreover, let y € Op andy’ € Op. If (X1,..., Xn) aren germs of paths in Im(p)Im(p’), 
if there exists two systems of n—vectors (¥1,...,¥n) € (TyOp)” and (Y],....¥7) € (ZyrOp)", 
TT Dil Wigs Vo SA Va gene? eg 


Op (Yi; «++; Yn) = Op (Y7, -; YZ). 


n 
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Denote by 
Q(X; V) = @nenQ”(X,V) 

the set of V—valued differential forms. 

With such a definition, we feel the need to make two remarks for the reader: 

e If there does not exist n linearly independent vectors (Yj,..., Y;,) defined as in the last 
point of the definition, a, = 0 at y. 

e Let (a,p,p’) € 2(X,V) x P?. If there exists g € C°(D(p); D(p’)) (in the usual sense) 


such that p’ og = p, then ap = g*apy. 
Proposition 4.6. The set P(Q"(X,V)) made of maps q: x++ a(x) from an open subset Og 
of a finite dimensional vector space to 2"(X,V) such that for each p € P, 
{£4 Ap(x)} € C™(Og,2"(Op, V)), 
is a diffeology on Q"(X,V). 


Working on plots of the diffeology, one can define the product and the differential of 
differential forms, which have the same properties as the product and the differential of 


differential forms. 


Definition 4.5. Let (X,P) be a diffeological space. 


e (X,P) is finite-dimensional at «x if and only if 


noEN, Vn EN, n&no => dim(Q"(X,R)) =0 
Then, we set 

dim(X,P) = max{n € N\dim(Q"(X,R)) > Of. 
e If not, (X,P) is called infinite dimensional. 


Let us make a few remarks on this definition. If X is a manifold with dim(X) =n, the 
natural diffeology as described in section (also called “nébuleuse” diffeology) is such 
that 

dim(X,Po) =n. 
Now, if (X,¥,C) is the natural Frélicher structure on X, take P; generated by the maps of 
the type goc, where c € C and g is asmooth map from an open subset of a finite dimensional 


space to R. This is an easy exercise to show that 


dim(X, P1) = 1), 
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This first point shows that the dimension depends on the diffeology considered. This leads 
to the following definition, since P(F) is clearly the diffeology with the biggest dimension 
associated to (X,F,C): 


Definition 4.6. The dimension of a Frélicher space (X,F,C) is the dimension of the 
diffeologial space (X,P(F)). 


4.2. Riemannian diffeological spaces. 


Definition 4.7. Let (X,P) be a diffeological space. A Riemannian metric g on X (noted 
g © Met(X)) is a map 

g:{p: Op + X}EP > gq 
such that 


(1)  € Op + gp(x) is a smooth section of the bundle of symmetric bilinear forms on 
TO, 

(2) let y € Op and y' € Oy such that p(y) = p'(y’). If (X1,X2) is a pair of germs of 
paths in Im(p) A Im(p’), if there exists two systems of 2—vectors (Y1, Y2) € (TyOp)? 
and (V{,Y4) € (TyOy)?, if pe Yi, Ya) = PVE YP) = (Xt, X2), 


GN, Y) = on V4, Y3). 
(3) for each non zero germ of smooth path Y, 
g(Y,Y) > 0. 


(X,P,g) is a Riemannian diffeological space if g is a metric on (X,P). If condition (9) 


is not everywhere fulfilled, we call it pseudo-Riemannian diffeological space. 


For any germ of path X we note ||X|| = \/g(X,X). 
Definition 4.8. We call arc length the map L : C%°([0; 1], X) + R+ defined by 
La) = f intollee 
Let (x,y) € X?. We define 
dg(x,y) = inf {L(y)|7(0) = # A 71) = y} 


and we call Riemannian pseudo-distance the map d: X x X > Rx that we have just 


described. 
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The following proposition justifies the terms “pseudo-distance”: 


Proposition 4.7. (L) Ve € X,do(a,a)= 0. 
(2) V(x, y) € X*, dg(x,y) = dg(y, x) 
(3) V(x, y, 2) € X?,dg(z, 2) < dg(x, y) + dg(y, 2). 


Proof. The proofs are standard, let us recall the main arguments. For[I| the constant 
path gives the minimum. For[2| the reverse parametrization t + 1—t defines a transformation 
from the paths from x to y to the paths from y to x under which LF is invariant. For [3 the 
paths passing by y are only a part of the set of paths from 2x to z. 


One could wonder whether d is a distance or not, i.e. if we have the stronger property: 
V(z,y) € X*,d,(z,y) =VOSar=y. 


Unfortunately, it seems to appear in examples arising from infinite dimensional geometry 
that there can have a distance which equals to 0 for « 4 y. This is what is described on 
e.g. a weak Riemannian metric of a space of proper immersions in the work of Michor and 
Mumford [24]. Moreover, the D-topology is not the topology defined by the pseudo-metric d. 
All these facts, which show that the situation on Riemannian diffeological spaces is different 


from the one known on finite dimensional manifolds, are checked in the following remark. 


Remark 4.3. Let Y = [],en» Ri, where Rj is the i—th copy of R, equipped with its natural 
scalar product. Let R be the equivalence relation 


7 
(x; €]0; [Ax; ¢]0; $1) > ’ 
LiRZ; => xyt+1 1 — yj 1 ; yf ; 


a 


(x; €]0; $[Vx, €]0; “al =7= 9 Ag; =; 
Let X = Y/R. This is a 1-dimensional Riemannian diffeological space. Let 0 be the class 
of 0 € Ry, and let 1 be the class of 1 € Ry. Then d,(0,1) = 0. This shows that dg is not 
a distance on X. In the D—topology, 0 and 1 respectively have the following disconnected 
neighborhoods: 


and 


This shows that d does not define the D—topology. 


This leads to the following definition: 
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Definition 4.9. A Frélicher-strong or arc-length-strong Riemannian metric is a Rie- 


mannian metric g for which d is a distance. 


We have to notice that this notion is not the same as the notion of strong Riemannian 
metric on a Hilbert vector bundle. Based on the arc-length pseudo-distance d; the termi- 
nology “arc-length strong” appears to us as very natural. However, since (smooth) paths are 
the contours of the Frélicher structure, and since they generate the Frolicher structure itself, 
we get the intuition that the notion of arc-length strong metric is itself intrinsically related 
to the Frolicher structure under consideration. This is the reason why we propose also the 


terminology “Frolicher-strong” that we shall use all along the text. 


4.3. Volume and diffeologies. On a (finite dimensional) Riemannian manifold M, the 
notion of Riemannian volume is related to the dimension of the manifold, and to the notion 
of volume form wyy. on the one hand, if the Riemannian manifold M is viewed now as a 


Frolicher space, with underlying diffeology P, we have that 
Vf eP, f'wyu =0<= Dimension of f < dimM. 


On the other hand, if f € P is an embedding O > M, and if O is an open domain of 
dimension p, f(O) is a submanifold of M and it can be equipped with the p—dimensional 


Hausdorff measure induced by the geodesic distance on O, and we have: 


Proposition 4.8. Assume that O C R™ is a n—dimensional submanifold. The Hausdorff 
dimension of O isn and, for any relatively open subset U C O, if H” is the n—dimensional 


Hausdorff measure in R™, 


un(U) = [ 0. 


We remark that, given a chart O on M, O is equipped with the standard Lebesgue volume 


dX = wo, and M is equipped with the Riemannian volume wyy, on O, 


wu = \/ detg.dr 


and hence, if U is a n-dimensional submanifold of O, noting i, the canonical injection U > O, 
we can define 

HU) = | act aan. 
This corresponds to the n dimensional Hausdorff measure with respect to M viewed as a 


metric space. As a consequence, a Riemannian manifold does not only carry one volume 
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measure, but a family of measures on the plots of its diffeology. If f is a ndimensional plot 
of the diffeology of M, we define Hy = f*H'{,. This property is stable under composition 
of plots, reparametrization, gluing. This leads to the following on Riemannian diffeological 


spaces: 


Definition 4.10. Let (X,P) be a diffeological space. The Hausdorff diffeological volume 
associated to a Riemannian metric is the collection {Hp;p € P} of dim(D(p)) Hausdorff 


measures on the domains D(p). 


Let us remark that: 


e if det(p*g) > 0 on D(p), the domain of p, then H, is dim(D(p))-dimensional Hausdorff 
measures on D(p) induced by the Riemannian distance on D(p) C X. 
e for any (p,p') € P? of same dimension, if p! = f op, Hi, = f*Hp. 
e If there exists  € D(p) such that det(p*g,) = 0, the definition of the Hausdorff 
metric via the (pseudo)-distance on D(p) remains valid [15]. 
We have here to remark that the Riemannian metric needs not to be Frélicher-strong, 
because this is the induced Riemannian metric on each D(p) which defines the Hausdorff 


measure, one should say on the (classical) Riemannian manifold D(p). 


4.4. On co— p forms and volume forms. This section is based on ideas from A. Asada 


[2] adapted to the context of a diffeological space . 


Definition 4.11. Let (X,P) be a Riemannian diffeological space. An orientable plot on 
X is a plot p € P, dim(p) = n, such that there exists a n-form wy, € Q"(X,R) such that 
Psp = Wn, where hy is a n—form on D(p), that induces the Hausdorff measure Hp. The 


space of orientable plots of the diffeology P is noted O(P). 


Proposition 4.9. Let X be a smooth n-dimensional compact manifold, equipped with its 
nébuleuse diffeology P. X is orientable if and only if there exists a n-plot p € P, surjective, 
such that p € O(P). 


The proof is straightforward, setting a Riemannian metric g on X, and using the expo- 


nential map to define the plot p. 


Example 4.1. Let X = 8", n> 1. Let P,P’ be two antipodal points. The mapping expp : 


TpS" — S” has an injectivity radius r = 7. The cut locus is P’. Thus, considering the 


32 JEAN-PIERRE MAGNOT* 


open ball B(0,3m/2) C TpS” and the plot p: expp|B(o,3n/2), we get the construction, even if 


p*wgn =0 on p-!(P’) (here, wgn is the canonical volume form on S”). 


Example 4.2. Let X’ =]0;1[x[0;1], let ~ be the relation of equivalence on X' defined by 
(t,0) ~ (1—t,1) and let X = X'/ ~ be the (open) Mobius band. The mapping p :]0;1[x] — 
1/2; 3/2[—> X" defined by 


(z,y+1) if x<0 
p(@,y) = 4 (2,9) if «€ [051] 
(psd aE A | 


is a 2-dimensional plot such that the trace of the canonical Lebesgue measure coincides with 
Hp, but for which there exists no 2-form w2 on X' such that p.A = w2 where A is the canonical 


Lebesgue measure on |0;1[x] — 1/2;3/2[, because we should be non zero everywhere. 
After these examples, let us turn to the key definition : 


Definition 4.12. Let (X,P) be a Riemannian diffeological space with set of oriented plots 


OP. We call volume form of X a collection of forms 
pe OP + wy € 2Y™PP) (D(p), R) 


such that 
- the form wy defines the dim(D(p))— Hausdorff measure on D(p) 


- if p and p' are oriented n—plots such that p' = po f, then wi, = f*wp 


Definition 4.13. Let (X,P) be a Riemannian diffeological space with volume form w. Let 


qé€N. A (co — g)—form is a collection 
p EOP 4 uy € NUTPP)—4(D(p), R) 
such that there exists a q—form B € Q9(X,R) such that 
Vp € OP, ap A p* B = wy. 
For the consistency of the definition, if q > dim(p) or if wp = 0, we set ap = 0. 


With such a definition, a volume form is a (00 — 0)—form. We note by Q(°-9(X,R) the 


space of (oo — q)—forms. 
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5. H*(S',N) AS A RIEMANNIAN DIFFEOLOGICAL SPACE 


5.1. Settings. 


Proposition 5.1. Let s < 1/2.. Then H*(S', N) and Hé(S', N) are Riemannian Frélicher 
spaces. The same holds for N=G. 


Proof. H*(S!,M) is equipped with its natural underlying structure of Hilbert 
space, which carries a natural structure of Frélicher space. As subsets, H°(S',N) and 
H¢(S', N) are equipped with the reflexive completion of their trace diffeology. So that, they 
are Frélicher spaces. The natural Hilbert structure on H*(S',M) induces a Riemannian 


metric on H*(S1, N). 
Proposition 5.2. H°(S!, N) is Frélicher-strong for s € R. 


Proof. Let 7 be a smooth path in H*(S!, N) c H*(S!,M). Then the length of ¥ is 
bounded below by ||y(1) — 7(0)||#75(91,.4) 

Let us now give a result for the extension of the multiplication of loop groups. For this, 
we define the space 


(Ss) G)= |) (eG) 


s>1/2 


Lemma 5.1. The space H'/?;+(S',G) is a Lie group modeled on a locally convex vector 


space. 


Proof. For each s > 1/2, we have H*($1, G) c C°(S', G) and the usual (exponential) 
atlas on H*(S!,G) is induced by the atlas on C°(S1, G), see [14] [27] for the details. Then, 
following [18], we get the result. 


Proposition 5.3. Let k > 1/2 and let s < k. The natural action C®(S1, G) x C~(S', G) = 


C™(S',G) extends to a smooth action 
H*(S",G) x H?(S',G) = H*(S',6), 
and for s < 1/2, to a smooth action 
PPS GSC) 3 Se). 


Proof. Since G C M, with smooth inclusion and trace diffeology, it is sufficient 


to remark that this theorem is an application of the standard “multiplication theorem’ of 
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Sobolev classes, which states that the multiplication, with the coefficients defined as above, 


is a bilinear continuous map. 


5.2. Hy!?(S1,.N) and symplectic forms. We use here the following property: let Jails .) 
be the L? scalar product. Then this scalar product coincides with the duality pairing between 
Hé and H~* = (H@)' (topological dual) for s > 0 on C%(S1, M). 

Let y € Hg!?(S1!,.M). Then: 


Lemma 5.2. 7 € H~'/2($!, M) and the canonical 1-form 

ax)=f (X) 

Si 
defined first for y € C§°(S1,M) and X € C™~(S1,.M) extends to a 1-forms on Hy!?(S!,M). 
Proof. Since y € Hy! ?(S1,M), differentiation is a differential operator of order 1 
and hence 7 € H'/?-1($!, M) = H~'/?(S!, M) and the map 7 + 7+ is smooth. Let us recall 
that Hy! ?(S1,M) is a vector space, and in particular a flat Hilbert manifold. Its tangent 
bundle is then identified canonically with the product: 
TH,'"(S!, M) = Hy’?(S!,M) x Hy!?(s!,M). 


i 


By the way, a tangent vector X at y € Hy! ?(S1, M) is identified with an element of 


Hy!?(s', M). By the pairing of dual spaces 
Ho? yx Hi? R, 


the formula 


extends smoothly for (y, X) € (415°(S1,.M)) 
So that, 


Theorem 5.1. The symplectic 2-form on the based loop space C§°(S1, N) defined by 
VN 
wig P= gD) =) (5,x0.¥)] ds 
Si 


extends to a 2-form on Hy!?(S!, N). 


Proof. The 1-form 6 € 0 (H}/?(S!,.M),R) restricts to a 1-form on Hy!?(S!,.N). 
Following [19], the 2-form wy = dé is well-defined on Hy! *(St, N) and restricting to 
C§°(S1, N), by the formula wy = d6 which still holds, we recover the usual symplectic form 


of the based loop space : 
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This is also the case when N = G. On C§°(S1, G), the vector field ¥ is not left-invariant. 
We know that, on the based loop group, there is another symplectic form, which is not exact, 


defined for left-invariant vector fields X and Y by 


(ae (s)) ds. 


we(X,Y) =) 


Si 
But the 2-form wg does not seem to extend to Hy!’ (St, G) because the full space Hy!?(s', G) 


is not a group. The biggest known group in Hy!?(s*, G) is Hy!?(s', G)NC°(S', G), see 27]. 
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EXISTENCE FOR STOCHASTIC COUPLED SYSTEMS ON NETWORKS 
WITH TIME-VARYING DELAY DRIVEN BY ROSENBLATT PROCESS 
WITH DELAY AND POISSON JUMPS 


TAYEB BLOUHI* AND MOHAMED FERHAT 


ABSTRACT. We present some results on the existence and uniqueness of mild solutions for 
system of semilinear impulsive differential with infinite fractional Brownian motions. Our 
approach is based on Perov’s fixed point theorem and a new version of Schaefer’s fixed point 
theorem in generalized Banach spaces. Also, we investigate the relationship between mild 


and weak solutions. 


1. INTRODUCTION 


Differential equations with impulses were considered for the first time by Milman and 
Myshkis [18] and then followed by a period of active research which culminated with the 
monograph by Halanay and Wexler [13]. Many phenomena and evolution processes in physics, 
chemical technology, population dynamics, and natural sciences may change state abruptly 


or be subject to short-term perturbations. These perturbations may be seen as impulses. 
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to the basic theory is well developed in the monographs by Benchohra et al [4], Graef et 
al 9], Laskshmikantham et al. [2], Samoilenko and Perestyuk [25]. 


Random differential and integral equations play an important role in characterizing many 
social, physical, biological and engineering problems; see for instance the monographs by Da 
Prato and Zabczyk [24], Gard [10], Gikhman and Skorokhod [II], Sobzyk and Tsokos 
and Padgett [30]. For example, a stochastic model for drug distribution in a biological sys- 
tem was described by Tsokos and Padgett to a closed system with a simplified heat, 
one organ or capillary bed, and re-circulation of a blood with a constant rate of flow, where 
the heart is considered as a mixing chamber of constant volume. For the basic theory con- 
cerning stochastic differential equations see the monographs by Bharucha-Reid [3], Mao[17J, 
@Oksendal, 21], Tsokos and Padgett [30], Sobczyk and Da Prato and Zabczyk [24]. 


The study of impulsive stochastic differential equations is a new research area. The 
existence and stability of stochastic of impulsive of differential equations were recently inves- 


tigated, for example in [8] [9} [32]. 


This paper is concerned with a system of the following neutral stochastic partial differential 


equations with delay driven by a Rosenblatt process of the form: 


d(x(t) +9'(t,2(t — w(t), y(t — u(t))) = (Aral?) 
+fi(t,a(t—r(t), ylt — r(®))dt + 0 ())dZE() 
+ [ M(ealt— pO) ult a))on)M(dt,de), 1 [0b]. t A 
d(y(t) +92(t,2(t — u(t), y(t — u(t))) = (Aral?) 
+f(talt—r(t)), ylt — r())dt + 02(t))dZ#() os 
+ f mex plO)eult 0D). m)\ Mats di), HE [Bot # te 


Ax(t) =I, (te), Ulte)), b=1,2,....m 


( 
Ay(t) = Ty(y(te), y(te)), 
x(t) = o,(t), -T <t <0 
y(t) =a(t), -T<t<0 


Here, x(-),y(-) takes the value in the separable Hilbert space X with inner product (-,-) 
induced by the norm || - ||, A; : D(A;) C X —> X is the infinitesimal generator of a strongly 


continuous semigroup of bounded linear operators (5;(t)):>0 in X for each i = 1,2 and 
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f',g' : [0,b] x X x X —+ X, Z(t) is a Rosenblatt process on a real and separable Hilbert 
space Y with parameter H € (3,1) , u(t),r(t) : J > [0,7](r > 0) are continuous, o}, 07 : 
J — LO(¥,X). Here, L(Y, X) denotes the space of all Q;-Hilbert-Schmidt operators from 
Y into X, which will be defined in the next section. I,, I, € C(X x X,X) (k =1,2,...,m), 
hi,h?: Ix Xx X xU > X , which will be also defined in the next section (see section 2 
below). Moreover, the fixed times t;, satisfies 0 < t1 < tg <... <tm < 6, y(t,) and y(t) 
denotes the left and right limits of y(t) at t = t,. As for x we mean the segment solution 
which is defined in the usual way, that is, if x(-,-) : |—7,b] x Q + X, then for any t > 0. Let 


Dr, be the following space defined by 


= ork | —T,0] x Q > X is continuous everywhere except for a finite number of points 
o(t,) and (tf) with (tr) = o(t,)}, 
endowed with the norm 


0 
\Id(#)Ilox, = / I(t) Pat. 


Now, for a given b > 0, we define 


ee a | —7T,b] x 2 X, xe € C( Jp, X) for k =1,...m, 6; € Dz, and there exist 


x(t, ) and ees with ax(t,) = a2(t,), K=1,---,m, and E( sup |ly(t t)||?) a oo}, 
tE[0,b] 


endowed with the norm 


. 1 
IIzllbz, = se lln(s)II?)?, 
where x, denotes the restriction of x to J, = (tk-1, tk], k = 1,2,--+ ,m, and Jo = [—T, 0]. 


dz(t) + gx(t, z(t — u(t)) = Axz(t) + f(t, z(t — r(t)))dt + 0) (t)dZ" (t)t, 


+ | A(t, 2(t— p(t)),«)N(dt, dk), t € [0,b],t F tr, 
io (1.2) 


where 
Dem ve HEU) | a oe | Ate Ae 2s fi(t, a(t — r(t)), y(t — r(t))) 
ue We) ® A *(t, a(t — r(t)), w(t r(®)) 
and 
soe: ol(t) ee eee g' (t, a(t — u(t), y(t — u(t))) ee $1(t) 
o*(t) g(t, w(t — u(t), y(t — u(t))) ga(t) 
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dio. hi(t,0(t — p(t), y(t — p(t), *) I(elt)) = Tj, (2 (tk), y(te)) 
h?(t, x(t — p(t), y(t — p(t), 6) Tp (x (te), y(te)) 
Some results on the existence of solutions for differential equations with infinite Brownian 
motion were obtained in [31]. Some existence and uniqueness of mild solutions to neutral 
stochastic delay functional integro-differential equations perturbed by a fractional Brownian 
motion can be found in Caraballo and Diop [7]. 
This paper is organized as follows. In Section 2, we summarize several important working 
tools on Rosenblatt process, Poisson point processes and we recall some preliminary results 
about analytic semi-groups and fractional power associated to its generator that will be used 
to develop our results. In section 3, by Perov’s fixed point theorem we consider a sufficient 
condition for the existence, uniqueness and exponential decay to zero in mean square for 
mild solutions of equation (1.1). In Section 4, we give an example to illustrate the efficiency 


of the obtained result. 


2. PRELIMINARIES 


In this section, we introduce some notations, and recall some definitions, and preliminary 
facts which are used throughout this paper. Actually we will borrow it from [19}{5]. Although 
we could simply refer to this paper whenever we need it, we prefer to include this summary 
in order to make our paper as much self-contained as possible. 

Let (Q, F,7;,P) be a filtered complete probability space satisfying the usual condition, 
which means that the filtration is a right continuous increasing family and Fo contains 
all P-null sets. Suppose {p(t),t > 0} is a o-finite stationary F;-adapted Poisson point 
process taking values in a measurable space (U,B(U)). The random measure N, defined 
by N,((0,#] x A) = dU sca,g La(p(s)), for A € BY) is called the Poisson random measure 
induced by p(.), thus, we can define the measure N. by N(dt, ds) := Np(dt,d«) — v(dz)dt, 
where v is the characteristic measure of N,, which is called the compensated Poisson random 


measure, for a Borel set Z € B(U — {0}). 


2.1. Rosenblatt process. We briefly recall the Rosenblatt process as well as the Wiener 
integral with respect to it. 
Consider (€;)nez a stationary Gaussian sequence with mean zero and variance 1 such that 


its correlation function satisfies that R(n) := E(fo€n) = n*4=2L(n), with H € (4,1) and L 
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is a slowly varying function at infinity. Let G be a function of Hermite rank k, that is, if G 


admits the following expansion in Hermite polynomials 


1 
G(x) = S¢ eH; (2), Ci = Gre (GE 6) Hs 60), 
720 
and 
Hye) = (Ile? Let 


where H;(x) is the Hermite polynomial of degree j, then k = min{| 7 |, c; # 0} > 1, the 
Non-Central Limit Theorem , sr Bie G(€7) converges as n —> oo, in the sense of finite 


dimensional distributions, to the process 


H ‘ir -(34+334) 
ZH = c(H,k) i! (II -ws ate ) dsdB(0,) ... B(O) (2.3) 
j=l 


where the above integral is a Wiener.Ito multiple integral of order k with respect to the 
standard Brownian motion (B(@))geR and c(H,k) is a positive normalization constant de- 
pending only on H and k. The process (ZH (t))z>0 is called as the Hermite process and it 
is H self-similar in the sense that for any c > 0, (Z# (ct) = c#Z#{(t)) and it has stationary 


increments [1]. 


When k = 1 the Hermite process given by is the fractional Brownian motion with 
Hurst parameter H € (5,1) [34]. If k = 2 then the process is called as the Rosenblatt 
process which arises from the Non-Central Limit Theorem (see and references therein). 
Consider a time interval [0,7] with arbitrary fixed horizon T and let {Z(t) t € [0,T]} 
be a one-dimensional Rosenblatt process with parameter H € (5,1). By Tudor [36], the 


Rosenblatt process with parameter H > 5 can be written as 


ZH (t) = d(H) [ [ [ | [ | ei (u, 42)du| dB(0;)dB (02), (2.4) 


where K" (t, s) is given by 


le 
a 
ls 
w""” 
i 
NI 
Q 
— 
nw 
V 
= 


BGA Se fw =p 


s 


where cy = \ TERED and I'(-,-) denotes the Beta function. We put K/(t,s) = 0 if 
bs 2 


t<-s. 
1 
OKy ae t H-9 H-3 
ay ths) = CH (£) (t = Ss) 2, 
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where (B(t),t € [0,T]) is a Brownian motion, H = 4 and d(H) = Wri 2aH-D is a 


normalizing constant. The covariance of the Rosenblatt process {7 (t),t € [0,T]} satisfies 


that Ry(t,s) = E[Z" (t))Z"(s)| 


1 
Ru(t,s) = 5 (lee Ele! =lt=6F"). t.6e [0-7], 


One note that 
Ee 
= fof toeoa)(01.62)aB(01)aB (02) 
0 Jo 
where the operator J is defined on the set of functions f : [0,7] — R, which takes its values 
in the set of functions G : [0,7]? > R? and is given by 
ry H H 


1(f)(01.02) = aC) [pay —(w0,) 


01V02 Ou 


(u, 02)du 


Let f be an element of the set € of step functions on [0,7] of the form 
n—1 
f= axeitiap 4 € [0,7] 
i=1 
Then, it is natural to define its Wiener integral with respect to Zas 
Tf n—-1 
f(u)Z" (u) = So ai(Z" (tiga) — 24 (ti) = [ [ou )(01, 02)dB(0,)dB(62) 
0 i=1 


Let H be the set of functions f such that 


H={f:[0,T] +R: isi =2 f° fo £)(01,82))?4(01)a(02) < oo} 


It follows that (see [36]) 


T T 
\ I, = HOH -1) : i F(u) f(v) ju — v2 2dude. 


It is shown in [1] that the mapping 


T 
ps [ f(u)dZ™ (u) 


defines an isometry from € to L?(Q) and it can be extended continuously to an isometry 
from H to L?(Q) because € is dense in H. We call this extension as the Wiener integral of 
f €H with respect to Z”. 


We refer to for the proof of the fact that K.H is an isometry between H and L?({0,7)). 
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It follows from that H contains not only functions but its elements could be also distri- 
butions. In order to obtain a space of functions contained in H, we consider the linear space 


|H| generated by the measurable functions f such that 


I flliag = 2QH — vf Ono — v4 *dudv 


where ay = H(2H —1). The space |H| is a Banach space with the norm || f|\jz;, and we have 
the following inclusions (see[36]). 


As a consequence, we have 
L?((0,T]) C L#((0,T]) c |H| CH 


For any f € L?((0,7]), we have 


T 
I FR = 2TH | f(s) Pas 
and 


2 < 2 
Illi S CEDIA scary 


for some constant C(H) > 0. For simplicity throughout this paper we let C(H) > 0 stand 
for a positive constant depending only on H and its value may be different in different 
appearances. 


Consider the linear operator K%, from € to L?([0,T]) defined by 


T 
(Rif)(01,00) = fo FO FCO 0a)at 


0, V09 


where K is the kernel of Rosenblatt process in representation (2.4) 


7 
K(t, 1, 82) = xio.(1)x00n(02) | 
01V 02 


Notice that (K7,x(0,4])((1, 92) = K(t, 01, 02)xj0,4) (91) X;0,4(@2). The operator A, is an isometry 
between € to L?({0,T]), which could be extended to the Hilbert space H. In fact, for any 


s,t € [0,7] we have 
(KEX 0,4), KAX(0,5]) £2((0,7}) = (C(t, +s -)Xfo,, KCB -s +) Xf0,5]) £2 (0,79) 
tAs tAs 
ay K(t, 01, 02)K(s, 01, 02)d0,d02 
0 0 
t Ss 
= H(2H — yf / |u — v|24-2dudv 
0 Jo 


= (X(0,t}> X(0,5])H- 
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Moreover, for f € H, we have 


T T 
A _ * 
ZH (f) = [ [ K4,(f)(61, 02)dB(01)dB (02) 


Let {2zn(t)}nen be a sequence of two-sided one dimensional Rosenblatt process mutually 
independent on ((Q,7,P). We consider a K-valued stochastic process Zg(t) given by the 


following series: 
[e.e) 


Za(t) = >> m(t)QVen, t20 


n=1 


Moreover, if Q is a non-negative self-adjoint trace class operator, then this series converges 
in the space K, that is, it holds that Zg(t) € L?(Q, K). Then, we say that the above Z(t) 
is a K-valued Q— Rosenblatt process with covariance operator Q. For example, if {on}nen 
is a bounded sequence of non-negative real numbers such that Qen = onen, assuming that 


Q is a nuclear operator in K, then the stochastic process 


Za(t) = Sa en (t)Q2en, = 3 Balt ef CpOi t 
n=1 n=1 


is well-defined as a X-valued Q— Rosenblatt process. 


Definition 2.1. Let ¢ : [0,T] > LO(Y, X) such that >>, AF ($Q? en) [I 22¢0.7),x) = Ot 
Then, its stochastic integral with respect to the Rosenblatt process Zg(t) is defined, for t > 0, 


as follows: 
[io (s)dZQ(s) : ->f (8) Qu endzn( = [ Kino ($Q2en)(1, 02)dB(81)dB(02) (2:5) 


Now, we end this subsection by stating the following result which is fundamental to prove 
our result. 
Lemma 2.1. [6] For any @: [0,T] > L°® Q(Y,X) such that > |oQ2 €n||_ 4 holds, and 


= L¥ ((0,T],X) 


for any a, 8 € [0,T] witha> B, 


B 
$(s)dZQ(s) 


2 oo B 2 
< cy H(2H — 1)(a— p> / o()QVenl) as. (2.6) 
n=1" 
where c= c(H). If, in addition, 


Ss" \|oQ'/2e,,|| is uniformly convergent for t € {0,T] 


n=1 


B 2 
| | o(s)aB#"(s) 


then 


B 
<enHQH —1V(a- "1 [ 6(s)lig ds. (2-7) 
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3. FIXED POINT RESULTS 


The classical Banach contraction principle was extended for contractive maps on spaces 
endowed with vector-valued metric space by Perov in 1964 [27], Precup [26]. Let us recall 


now some useful definitions and results. 


Definition 3.1. A square matrix of real numbers is said to be convergent to zero if and 
only if its spectral radius p(M) is strictly less than 1. In other words, this means that all the 
eigenvalues of M are in the open unit disc. (t.e.|A| < 1, for every \ € C with det(M—AI) = 0, 
where I denote the unit matrix of Mnxn(R)). 


Definition 3.2. We say that a non-singular matrix A = (ajj)1<ij<n € Mnxn(R) has the 
absolute value property if 

AYA <1, 
where 


|A| = (laij|)a<ig<n € Mnxn(R+). 


Lemma 3.1. [20] Let M be a square matrix of nonnegative numbers. The following assertions 
are equivalent: 
(i) M is convergent towards zero; 


(ii) the matriz I— M is non-singular and 


(I—-M)*+=I4+M+M?+...4+M*+... 


(iii) ||Al| < 1 for every X € C with det(M — XI) =0 


(iv) (I— M) is non-singular and (I — M)~+ has nonnegative elements; 


Some examples of matrices convergent to zero are the following: 


a 
1) A= , where a,b € R; and max(a,b) < 1 
0 6b 
a —c 
2) A= , where a,b,c € Ry anda+b<1,c<1 
0 6b 
a —a 
3) A= , where a,b,c € R; and |a—b| <1, a>1,b>0. 
b —b 


For other examples and considerations on matrices which converge to zero, see Precup [26], 
Rus [40], and Turinici [39]. 


We can recall now a fixed point theorem in a complete generalized metric space. 


EXISTENCE FOR STOCHASTIC COUPLED SYSTEMS 47 


Theorem 3.1. 27|Let (X,d) be a complete generalized metric space with d: X x X —> R" 
and let N : X —+ X be such that 


d(N(x), N(y)) < Md(a,y) 


for all x,y € X and some square matrix M of nonnegative numbers. If the matrix M is 


convergent to zero, that is M* —+0 as k —+ oo, then N has a unique fired point x, € X 
d(N* (ao), x) < M*(I — M)~*d(N(ao), 20) 
for every x49 € X andk > 1. 


We suppose that 0 € p(A;) (the resolvent set of A;, for each i = 1,2).that the semigroup 
S;(t) is uniformly bounded, that is to say, ||,S;(t)|| <M, , for some constant M, > 1 and for 
every t > 0. For 0 < a < 1,it is possible to define the fractional power operator (—A;)° as 
a closed linear operator on its domain D((—A;)°) with inverse (—A;)~°. Furthermore, the 
sub-space D((—A;)°) is dense in X. We denote by Xq the Banach space D((—A;)*) endowed 
with the norm ||z||q = ||(—A;)%2|| for « € D((—A;)*) defines a norm on D((—A;)°%) , which 
is equivalent to the graph norm of (—A;)%, we represent Xq the space D((—A;)°) with the 


norm || - ||,. then the following properties are well known (cf. Pazy. ([B7]), p. 74). 


Lemma 3.2. (A): If0<B<a<1, then Xy_ C Xg and the embedding is compact 
whenever the resolvent operator of A; is compact. 
(B): For each0 <a <1, there exists a positive constant Cy such that 


|| (—Ai)*S;(t)|| < Zee", > 0, ADO. 


We are now in a position to state and prove our local existence result for the problem 
(t.1). First we will list the following hypotheses which will be imposed in our main theorem. 
e (H1) A; is the infinitesimal generator of an analytic semigroup, S;(t) of bounded linear 
operators on X. Further, to avoid unnecessary notations, we suppose that 0 € p(Aj), 

and that, see Lemma |3.2| and there exists a constant M such that {||S;(t)||? < M4} 


for allt > 0 


Il(—Aay* FSi) || < Crt? 


for some constants M,Cj_g and every t € [0, }). 
e (H2) 
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(i): There exist constants 0 < 6 < 1, Lg, > 0 and g’ is Xg-valued, (—A;)°g’ is 


continuous, and 
(Aa)? a" (t,x yo) II? S Loar (1 + Ulyall? + llvell?), t€ J, v1y2 © X 


(ii): There exist constants 0 < 6 <1, Lg,, Lg, => 0, and 


ll (—As)?9° (2, y) — (Aa)? 9°, 8, DDI] S Loille — ZI + Lally — all, t © J, 


L,Y, t,yExX 
e (H3) The map f* : [0,00) x X x X — X satisfies the following condition: for all t > 0, 
x,y,z%,y € X that is, there exist positive constants Ly, Lz and Ly, ,t = 1,2 such 
that, 
IF'(,2,9) — £2, 0) < Lyle — el] + Ly lly — all, 
and 


F(t, 0, yl? < Ly, (1 + llell? + llyll?), 
e (H4) There existe a constant c;,¢ for each i = 1,2 such that 
Te(a,y) — K(E, aI < elle — FI] + Gilly — all, 
for all z,Z, y,yE X andte J. 


e (H5)The function o7 : J Ld (Y, X) satisfies 


b 
i lo%(s)|I29. ds <0. 
0 2 


e (H6) There exists a positive constant Lp,,,L7,,, 54 = 1,2 such that, 


| I|h'(s, 2,9, 6) — h'(s, 2,9, 6)|/"v(dk) < Lv, lla — BI? + Lz, lly — gl 
and 
A |h*(s,2,y,6)||?v(de) < Ln,,(1 + lla? + lly) 
for all z,Z%, y,yE X andte J. 


Now, we first define the concept of mild solution to our problem. 


Definition 3.3. Aa X— valued stochastic process u = (x,y) € Dr, x Dx, is called a mild 
solution of the problem (1.1) with respect to the probability space (Q,F,P), if: 
1) u(t) ts F,-adapted for all t € Jy = (ty, teri] k=1,2,...,m; 


2) u(t) is right continuous and has limit on the left almost surely; 
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3) u(t) satisfies for all t € [—r,b] and almost surely that, 

x(t) = $i(¢)(b(0) + 9'(0, 61(—u(0)), b2(—w(0))) — g(t, a(t — w(t)), w(t — ule) 
= I, AySy(t — 8)g"(s,2(s— u(s)), y(s— w(s)))ds 

S(t — 8) f*(s,2(s — r(s)),y(s — r(s)) yas f S(t — s)o"(s)dZq,(s) 

‘ [isu-o fw (s,2(s — p(s)), y(s — p(s), 6) (ds, dx) 

+ SD Sit te) Malte), ylte)) 


O0<t<t, 


ylt) = S2(t)(62(0) + 92(0, 61(—w(0)), 62(—w(0))) — 9(t,2n(t — u(t)), ylt — u(e))) 
= i ApSy(t — 8)92(s,2(s — u(s)), y(s — u(s)))ds 

i, So(t — 8) f2(s,2(s — r(s)),y(s — r(s)))ds + fs S(t — 8)o*(s)dZeq(s) 

+ [ sute—9) [ .016- p(s)), y(s — p(s)),)N (ds, de) 

+ So S(t — th) TR (a(te), y(te)) 


O<t<ty, 


(3.8) 


4. EXISTENCE AND UNIQUENESS OF THE MILD SOLUTION 


Theorem 4.1. Suppose that (H1) — (H6) hold and that. Then, problem (1.1) possesses a 


unique mild solution on |—T, b]. 


Proof. Fix b > 0, let b > 0, we define 


= {zi | —7,b] x VN X, xe € C( Jp, X) fork =1,...m, 6; € Dz, and there exist 


a(t,) and a(t) with x(t.) =2(t,), k=1,---,m, and E( sup |ly(¢)||?) < co}, 
te [0,6] 


endowed with the norm 


lIz|Ip,, =E( sup ||x(s)||?)2, 
O<s<b 
and 
S(¢) = {a EDr,, 2(s)=9(s), for s €[-r, oj} 


Then, Sp(¢1) is a closed subset of Dy, with the norm ||z||p,,. Consider the operator N : 


Sp(d) x Sv(d) —> Sp(o) x Sv(d) defined by 


N(a,y) = (Ni(x,y), No(@,y)), (wy) € So(o) x So(¢) 
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where 


di(t) t€ [-7,0] 


$1(t)(61(0) + 91(0, 61(—u(0)), 62(—u(0))) — g(t, 2(¢ — u(t)), y(t — u(Z))) 
=i A, Sy(t — 8)g"(s,2(s — u(s)), y(s — u(s)))ds 
+ f Sito 1s, 2(s — r(s)), y(s — r(s)) ee 1(s)dZo, (8) 
i in Si((t~ s)t~s) fnY(s,2(8 ~ pls), uls ~ 0(8)).®)N (ds, de) 


+ So Sit— te) IK (alte), y(te)), P-as, teJ 


0<t<ty 


Ni(x(t), y(t)) = 


and 


do(t) t € [-7,0] 


S2{1)(6(0) + 9°(0,x(—u(0)) 6a(—(0))) ~ 9°(t-2(¢ — m(B) out (8) 
- if ApS(t — 8)9?(s,2(s — u(s)),y(s — u(s)))ds 

+ i, So(t — 8) f2(s,2(s — r(s)),y(s—r(s)))ds + a So(t — s)0?(s)dZq,(8) 
Z [si So(t — s) ) [ Plsals— ol Aten Gnas 

+ So So(t—te)IR (alte), y(te)), P-as, te J 


O0<t<t, 


No(x(t), y(t)) = 


Then it is clear that to prove the existence of mild solutions to equation is equivalent 
to find a fixed point for the operator N. 

Now, we aim to prove that the operator N has a fixed point by means of the Perov’s fixed 
point theorem. The proof will be divided into the following two steps. 

Step 1. Next we show that N(x, y)(t) = (Ni(a, y)(t), No(a, y)(t)) is cadlag process on S'7(¢). 
For arbitrary (x,y) € 5,(¢) x Sp(@), we will prove that t > N(x, y)(t) is continuous on the 
interval [0,b] in the L?(Q, X)-sense. Let 0 < t < b and |h| be sufficiently small. Then, for 
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any fixed (x,y) € Sp(%) x Sy(d), we have 


I|Ni(a, y)(t+ bh) — Ni (a, y)(O)| 


< ||(Si(é +h) — $1(4))(¢1(0) + 9° (0, o1(—u(0)), ¢2(—u(0)))|| 


bllgi(tth,c(t+h—ult+h)),yt+h—ult+h))) —gi(t,x(t — u(t), yt — u(t)))| 


+f ' MiGrh ieee aleve 
-f "ASi(t = 8)9(s,2(s — u(s)),u(s ~ u(s)))a 
[fs i(t+h—s)f'(s,2(s —r(s)),y(s— r(s)))ds 
-f Si(t— 8) f'(s,0(s~r(s)),u(s — r(s)))ds|| 
AL's ‘Gih—po@dizs- [ sstt-s)o '(s)dZ(s)| 
[fs ite h—s) fH(s,2(s —pls))ou(s— als) x) (ds, de) 


— fi(e—s) fm G,2l6 ~ o(s))-uls~ ols)).m) (as, | 


+|| So Si(t+h = teh (a(te), — So Sy(t = te) Ih (alte), y(te) )| =D 
O0<t<t,+h O<t<t, 
Put 
\|Ni(z, y)(t +h) — Ni(z,y)(t)|| = a] (h) (4.9) 


Similar computations for N2 yield 


\|No(x, y)(t + h) — No(z,y) || < yu (h) 


We estimate the various terms of the right hand of (4.9) and (4.10) separately. 


For the first term, we have 


lim (Si(¢ +h) — S1(t))($1(0) + g'(0, ¢1(—u(0)), d2(—u(0))) = 


and 


Ti(h) = ||(Si(t + h) — S1(4))($1(0) + 9° (0, b1(—u(0)), ¢2(—u(0))) 
< 2M||¢1(0) + g*(0, 61(—u(0)), d2(—u(0)))|] € L7(Q) 


(4.10) 
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Similarly 


Ji (h) = ||(S2(t + h) — S2(t))(d2(0) + 970, b1(—u(0)), 62(—u(0))) | 
< 2M||$2(0) + 9?(0, 61(—u(0)), d2(—u(0)))|| € L°(Q) 


Hence, by the Lebesgue dominated theorem, we obtain 


lim Ell. J?(h)||? = ;=1,2 
jim | Ji (A) II" = 0, ale 


By using assumption (H2) and the fact that the operator (—A)~° is bounded, we obtain 
that 


E| J2(h)|? = E 


(-Ai)9(-Ai)? (git + healt + h— w(t + h)), y(t + b= w(t +) 


| 2 
— g'(t, x(t — u(t)), y(t — u(#)))) 


< |I(-A7? IP 


i||(-Ai)8(git+ hae +h u(t +h)), y(t +h —u(t + h))) 
~ g'(t,2(¢— ult), yt — w(é)))) |p 


>0, h- 0. 


To estimate Ji(h) for each i = 1,2. We consider only the case that h > 0 (for h < 0 we have 


the similar estimates hold). 
(0) < | f Male the OF CACAO) 4O=ue)e 
— i: A; S;(t — s)g'(s, x(s — u(s)), y(s — u(s)))ds| 
t+h 
+ | i A;jS;(t +h — s)g'(s,a(s — u(s)), y(s — u(s)))ds| 
<| Ee (Si(h) — D(—Ai)~85i(t — 8)(—Ai)~9g'(s, 2(s — u(s)),y(s — w(s)))ds|| 


+| i (Ai) 9Si(t +h = 8)(—Ai)A9"(s, 2(s — u(s)), y(s — u(s)))as 
= Jiy(h) + Fyp(h). 


For the term J3,(h). We have 


B| J5,(h)|? < tE [ II(Si(h) — yr" 8i(t — s)(—Ai) "g"(s, «(s — u(s)), y(s — u(s)))||?ds 


and 


lim ||(Si(h) — 1)(—Ai)!P Silt — 8)(—Ai)“Pg'(s, (8 — u(s)), u(s — u(s)))I] = 0 
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since the strong continuity of S(t). By conditions (H1) and (H2), we have 


J5i(h) =[|(S1(h) — D)(—Ar)* Sit — 8)(—Ar) 91 (s, e(s — u(s)), 9(s — u(s))) |? 


4M? M? re : 
< Ga Gop rzall(-Ai)?9"(s,e(s — u(s)), y(s — u(s))) 


272 


4M? M2 
—6 N | 
< Dons Gayest + [ell + I) 


Similarly 


2 2 
F(R) < Loy oA + el? + Ul) 
31 m2 (¢ — 3)2-28 r WYP )- 


Hence, by the Lebesgue dominated theorem, we have 


lim E| J, (h)|? = 0. 
aay | J31( I 0 


Now, we estimate the term J32(h). 


BUbint sf (an eset naff dex f” I(-Av-2at(o,a(6—w(s),ulo ~ a9) 


< [- ae x I (Anat (s, 2s — u(s)), us —u(s))))f as 


t+h M? 3 b ; ; 
< ee ee 1 d 
< | (t+ h—s)2-22 sx [( + |[z||* + |lyll")ds 


p28-1 
<L — 
= 911 28 = 


b 
fa |x|? + llyl|2)ds 0, bh 3 0. 
0 


Similarly 


b 
[G+ ilel? + Iyl?)4s > 0, h-+0 
0 


For the term Jj(h). We consider also only the case that h > 0 (for h < 0 we have the similar 


estimates hold). 
Fh) < || [ sien 9yF'o,216—ro).uls—rbep) 
~ Si(t — 8) f(s, 2(s — r(s)),4(s ~ r(s)))ds|| 
t+h 
+| : Si(t + h—s)f'(s,2(s~r(s)).u(s ~ r(s)))ds|| 
< | [isu S;(t — s) f(s, x(s — r(s)), y(s — r(s)) )ds|| 


+ | Is Si(t +h —s)f'(s,a(s —r(s)), y(s — r(s)))ds||. 


2 


ds 
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By assumption (H3), we have 


a Jj(h) |? 


<t [ (sic I)Si(t ~)f'(s,2(9—r(s)),u(s—r(s) | ds 


an [ Tiasieiiteaesaails 


Noting that 
tim ||(Si(h) — Si(t— 5) f'(s,2(s —r(s)),¥(8 —r(s)))|] =0. 
By conditions (H1) and (H2), we have 
ccs1(m) — DSi — 5) F(s,2(— (3), 9(8 —r(6))) |) < 4at4l] (s,2(9— (9), 9(8 —r(@))) | 
< 4D, M*(1 + llell? + ll?) 
Similarly for t € [0,6], we have the estimate 
(6200) — )82(¢ — 5) Ps, 2s — r(s)),uls—r(s))) <4 py MAC + loll? + Tl?) 


Hence, by the Lebesgue dominated theorem, we have 


- om iin 2 — 
lim E| Ji(h)|? = 0. 


For the term Ji(h) , see details . By condition (H5), Lemma and the Lebesgue 


dominated theorem , we have 
E\J5(h)/? 


=a [si Si(t +h — s)o*(s)dZQ(s) — [os (t — s)o ‘(s)ds||_ 


< Bl f (st hs) ~ Si(—s)o"(s)dZo(s)|) +B [e+ r—o'(azelalf 


: ith 
<ouni f (S4(h) — D)Si(t — s)o%(s)|2ds + CUE R2#-} | 


(t+h—<s)o '(s)|| as 


t t+h 
Hye? | |(s(h) — Doi(s)|Pas+ CEN —IE [|| s(t-+h— s)o'(s)| as 
0 t 


>0, ho 0. 


Since 


lim |[(Si(h) — 1);(t — s)o*(s)||? = 0 


and 
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II(Si(h) — Do'(s)|)? < 2M? ||o"(s)|? < 00 


|| (Si(h) — Do*(s)||? < M?|o%(s)||? < oo. 


The condition (H4) assures that 


Noting that 


E| Ji(h)|2 <M? S- ex DFi(w(te), vit) 
O0<ty<t 
oe one” 
t<tp<t+th 
lim ex ~ 1)S;(t — te) Hi(a(te), y(t tx))|| =0. 


h->0 


By assumption (H6), we have 


< 2M? 
< 2M? 


and 


a Jp(h)? 


t 
= 2 | [ (sce 
0 


+2] [sien —s) fo, 2(6— po), als ~ ols))s4) (a, a 


[Si(h) 


— IP EE | I \n*(o, 2(2 — p(s), ¥(s— (2), «)I[2(de)as 


tth 
af ip \|h’(s, 2(s — p(s)), y(s — p(s)), &)||?v(de)ds 


i ie \A2(2, 2(s — p(s)), ys — (8), «)|Pv(d)de < Ln,yt(1 + [le]? + [lgll?) < 00 


Using the strong continuity of S;(¢) and the Lebesgue dominated theorem , we get 


lim E|.J2(h)|? = 
Batt |Jz(h)|° = 0 


The above arguments show that 


Ny a, h — N; x,y 
IN(e,y)(t +h) - DOI = ; kee me mn) (3) aah 


The above arguments show that N(«,y)(t) is cadlag process. 


|| No(a, y)(t + h) — No(@, ¥)(t)l| 


N(Sp(¢) x S(@)) C S(b) x So(¢) 


s)) [koa ~ p(s)).u(s— als)).6).N (ds, dr) 
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Then, we conclude that 
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Step 2.Now, we are going to show that N : S,(¢) x S4(¢) > Sp(@) x Sp(@) is a contraction 
mapping. For this end, fixe x,y € S,(¢) x Sy(¢), we have 


Ni(@,y)(t) — NZ, 9) OI? 


<5 


(Ar P || (Ar)? Ca" (e.2(€ — u(t), lt — w(t) — 9 (t, 2(t — ule). aE — u(@))))]) 


Ps Sy(t— s)(f1(s,.2(8— r(s)),u(s—r(s))) ~ f(s, #(8— (8), a(s—r(s))))as| 


[ Si(t—s) ; h!(s, (8 — p(s)),u(s — p(s)),6) — h'(s,2(s — p(s)), 0s — o(s)),).N (ds, a)]| 
0 Zz 


> Sit te) TE (alte), ult) — H@Uts), alts)» 


0<t<ty 


From assumption (H)-(H¢) and Lemma|2.1] yields that, 


El Ni (a, y)(t) — Ni (2, 9) (8)|? 


S tea Ella(t — u(t)) — a(t — u(t) |? + L5, Blly(t — ud) — g(t - u(?))I)) 


bOME sae (3, f° Blls— u(s)) — a(6— us) IPas-+ 23, f° Blyls ~ ls) — als uls)) Pas) 


+ 5tM? (15, i ia(s —u(s)) — as —uls)) [ds +25, f Elly(s—u(s)) ~ a(s— u(s))|Pas) 


+ 5M? (LR, fBla(s—u(s)) —a(s— u(s))[Pds+ 23, f Bly(s—u(s)) — als — u(s))|Pas) 


+5M?(ciBllx(t) — 2(t)|? + a BElly(t) — 9(¢)|). 
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Then we have 


E( sup ||Ni (zx, y)(s) — Ni(z,9)(s)|I") 


s€[—T,t] 


t 
i i a(s)e™() e~ TS) E( sup e(s) — #(s)||?)ds + 5M cr E(sup \|x(¢) — z(t)||?) 
0 t> 


s€[—7,t] 


t 
+f a(s)e7e-7E( sup (nog y(s 8)|?)ds + 5M*c B(sup lly(t) — w(¢)II7) 


seE|—T,t 


ND 


t ¢ 
< i a(s)e7ds|x — zI|2 + i a(s)e"*dslly — gl? 
0 0 


+ ©; (£(sup lln(#) — 2(6)) + E(oup ly() — 9612) 
t20 t>0 

i i TAa(s))’ ml}2 ie i Ta(s) 2 

= f (ce) dslla — 22+ — | (easily — OIL 

T JO T JO 


+ 7 e7( 6; (E(sup lln(t) ~ 2(6)|?) + B(sup y(t) — 9(0)?) 


IA 


J y Ta = 1 ry Ta — 
S (= + Cre |x — BIlE + (= + Cre ly — Gls, 


where 
Cy = max{4M?c,,4M7%q}, 
and 
y(t) = 5||(—Aa) P|? £2, + 5.M2_ a ea sa es + Bt? ML. +5M?¢; 
and 
Ault) = 5||(—A,)P|/7.L2, + 5M ee Lj, + 5t?M?L5 + 5M, 
Therefore 


e WE ( supper rylINi(@t),¥()) -— M@O,BOMP) < (+6) /lle- 212 + lv —ae], 


where || - ||, is the Bielecki-type norm on S,(@) defined by 


72 = E( sup ||2(¢, .)|/?)e7 


te [0,b] 
where 
sO= [ obsoas. t € [0,0], 
and 
a(s) = max{7(t), 7i(t) }- 
Hence 


|Ni(z,y) -— Miz IF < (44+ C)lle — 2/2 + (4+ Cr)lly - all? 
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Using the fact that for all a,b > 0 we have /a+6 < /a+ Vb, we conclude that 


INi(z,y) - Mlle < yfet+Cille— lle + fe + Gilly — lle. 
Similar computations for Ny, yield 


No(a,y) —No(F, lle < Vet Calle —Blla + / 7 + Cally — lle. 


where 
Co = max{4M?cy 4Me} T= max { 2 . \. 
, , 1+7C,’14+7C> 
Thus 
— Ni ((z, ¥) — Mi, V) |x 
IN.) -N@DMe = a 
\|Na(x,y) — No(Z, 9) || 
1 (1 1\ (\le-ZI, 
= 
vr \1 a) \lly- alle 
Hence 
— 1 \|z — Zl. 
IN(z,y) -N@,y)|l* < Jae _ 
© lly ~~ U\ls 
for all (x,y), (%,¥) € Sp(¢) x So(@), where 
1 1 
Ma,p = 
1 1 


If we choose a suitable V7’ > 2 such that the matrix 


M. 
Moo 4 

iE 
then aye is nonnegative, J — [esl is non singular and 

=i 2 
yp Mas\~ _ 74 Mas , Mas | 
Vr Vr TO 
Mo.,6 


From Lemma|3.1} we obtain that converges to zero. As a consequence of Perov’s fixed 


als? 


point theorem, N has a unique fixed (x,y) € 5)(¢) x Sp(¢) which is the unique solution of 
problem (1.1). Let us denote this solution by (x, y). 


EXISTENCE FOR STOCHASTIC COUPLED SYSTEMS 59 


5. AN EXAMPLE 


We consider the following impulsive neutral stochastic partial differential equation with 


Poisson jumps and finite delays driven by a Rosenblatt process of the form: 


Example 5.1. Consider the following couple stochastic partial differential equation with 


impulsive effects 


d(x(t,€) “1 (a(t — u(t), €) + y(t — u(t), €)) = Healt.) 


MMA 
+ ao(x(t — r(t),€) + y(t — r(t), €)) + e'dZ" (t) 

+ [oanlett = pt. 6) + ult p(t), (at, dn) (30. Pie Oba e. 
d(y(t,€) A1—_ (a(t — u(t), €) — y(t — ult), €)) = Fealt, 6) 


MIAN 
+ a(ax(t—r(t),€) — y(t —r(t),6)) +e *dZ* (t) 
‘ [ rowtet ag Ges ON@ide),. $20 2G. OLE Se, 


a(tt,é) — a(t, ,€)= Se(t,,6), k=1,---,m, 
y(tt,6) — y(tz,€) = Aty(tz,@), k=1,---,m, 
x(t,0) = a(t,r)=0,t>0, a,%>0, t=1,2,3,4 
y(t,0) = y(t,r)=0,t> 0, 

a(s,€) = ¢i(s,6), O<E <n, -7T<s<0 

y(s,€) = da(s,€), OS E<7, 


(5.11) 
Take Y = X = L?([0,7]). We define the operator Ay = Ay = A by Au = u", with domain 
D(A) = {ue X,u',u" eX and u(0) = u(r) = 0}. 


Then, it is well known that 
Ax = y n(x, €n) Xen, & E D(A), 
n=1 


and A is the infinitesimal generator of an analytic semigroup {S(t)}is>0 on X, which is given 


by 
ie = -Ye - (u,én)en, wu € X, and en(u) = (2/m)/? sin(nu),n = 1,2,---, is the 


orthogonal set af eigenvectors of —A. 
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The bounded linear operator (—A)4 is given by 


2( 
=> n2 oe Cn) XEn, 


Be 


with domain 


D((-A A)4) ={xeE X, Yon} eeabxen €X) 


The analytic semigroup {S(t)}is0, t € J, is compact, and there exists a constant M > 1 such 
that ||S(t)||? <M. 

Z"(t) is Rosenblatt process with parameter H € (1/2,1) defined on a complete probability 
space (Q, F,P). In order to define the operator Q : K —>+ K, we choose a sequence {on }n>1 C 
Rt, set Qen = Onen, and assume that 

[o@) 
= > Von < &. 
n=1 


Define the process BG(s) by 
4) => vonrll Hen, 


n=1 


where H € (1/2,1), and {y# hen is a sequence of two-sided one-dimensional mutually in- 
dependent fractional Brownian motions.Now, rewrite into the abstract form of (7.1). 
In order to model the problem in the abstract form of (7.1), we consider the mapping 
fg and h® for each i = 1,2 as follows 


Heal aO).u— WO) = nay ee u(t)) + y(t — ud), 
g(t 2(t u(t) u(t — = a u(t)) — y(t ud), 
and 
F(ta(t— u(t), y(t uO) = a2la(t- r() + ult), 
F(t, a(t — u(t), y(t — u(t) = Aalelt—r(0) — ltr) 
and 
n'(t,a(t— plt)), ult — p(t). %) = asn(e(t p(t) + ult — ald) 
and 


h(t, a(t — p(t), y(t — p(t)),&) = Asn(a(t — p(t) — y(t — p(t) 
More precisely, f’,g' and h’ satisfy Lipschitz condition with \|(—A) || =1Ls, = Lp = 
a2, Lf, = Lp = A2 and Lg, = Ly, = a2, Lg, = Ly = ee 


= Ln = Ly, = f odnv( de) 
4 Das 


and cy = = 4, @Q@ =&= At Thanks to these assumptions, it is straightforward to check 


2° 
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that (H1) — (H6) hold true and, then, assumptions in Theorem|4. 1] are fulfilled, and we can 


conclude that system (5.11) possesses a mild solution on [—r, )]. 
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NONEXISTENCE OF GLOBAL SOLUTIONS TO SEMI-LINEAR 
FRACTIONAL EVOLUTION EQUATION 


MEDJAHED DJILALI* AND ALI HAKEM 


ABSTRACT. In this paper, we consider the following semi-linear fractional evolution equation 


B 4 
ur + (—A) 2 u+ Dou = h(t, x) jul, 


8 
posed in (0,7) x R%, where (-A)?, 0 < 8 < 2 is B_ fractional power of —A, and 
Do), denotes the derivatives of order a in the sense of Caputo. The nonexistence of global 
solutions theorem is established. Our method of proof is based on suitable choices of the 


test functions in the weak formulation of the sought solutions. 


1. INTRODUCTION 
Our main interest lies in the following problem: 


un +(-A)2u+ Dou = (t,x) |ul?, (t,2) € (0, +00) x RN 


(1.1) 
u(0, 2) — uo (x) 2 Os uz(0, x) _ ui (x) 2 0,, LE RY, 
where p > 1,0 <a< 1,0 < 6 < 2 are constants. The function h is a non-negative and 


assumed to satisfy the condition 
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h(t, x) > Ct” |x|*,where C>0, v>0, w>0. (1.2) 


B 
2 


denotes the derivatives of order a in the sense of Caputo and (—A)? is the fractional 


Dot 


power of (—A). The integral representation of the fractional Laplacian in the N-dimensional 


space is 


(—A)9/ah(x) = —en a) [ aaa —V@) a vee", (1.3) 


z|N+8 


where cy (8) =T((N + 8)/2)/(20/2+T(1 — B/2)) and I denotes the gamma function. Note 
that the fractional Laplacian (—A)°/? with 6 € (0, 2] is a pseudo-differential operator defined 
by: 


(-A)??u(x) =F \¢|? F(u)(¢)] (w) for all x eR, 


where F and F~! are Fourier transform and its inverse, respectively. Let us point out that 
many authors investigated the cases where a = 1,6 = 2 in several contexts. For example, 
the following Cauchy problem: 


Ut + uz — Au = |ul?, Ja ,00 x 
Sa Au = |u| (t,2) € (0,00) x (R") (1.4) 


a2) Sig), ~~ upe0,2) Si (es ceR, 


has been investigated by Qi. Zhang in the case 1 < p< 1+ 4, when uj,7 = 0,1 is 
compactly supported and f{ u;(a)dx > 0. He proved that the solution of (1.4 (1-4) ) does not exist 
globally. Therefore, he showed that p= 1+ 2 belongs to the blow-up case. 

Ogawa and H. Takeda studied as a initial boundary value problem in an exterior 
domain 2. They established the non-existence of non-negative global solutions of the above 
problem when 1 < p < 1+ 2 and the initial data (uo,ui) € Hg(Q) x L?(Q) having a 
compact support. After that Fino and Wehbe [3] generalized the results of Ogawa-Takeda 
[13] by proving the blow-up of solutions of under weaker assumptions on the initial 
data and they extended this results to the critical case p = 1+ z. 

Todorova-Yordanov [I9] showed that, if p. < p < wo: for n > 3 and p,. < p < +00, for 
N = 1,2, where p. = 1+ 2, then subjected to initial data u(0,2) = eup(x), uz(0,2) = 
eus(x), € > 0,2 € RN, admits a unique global solution, and they proved that if 1 < p < 1+2, 
then the solution u blows up in a finite time. R. Ikehata [10], subjected the problem 


with initial-boundary values, he derived certain decay estimates for the total energy of the 
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solution to the problem (1.4), when 1+ 5 <p< y4. In particular, A. Hakem [8] treated 
the following problem: 


ut + g(t)u;, — Au = Jul”, (t,x) € (0,00) x (RY), 
(1.5) 


u(0,2) = up(z), uw(O,2)=u(x), «eR, 
where g(t) is a function behaving like #?, 0 < 6 < 1. He obtained the non-existence of weak 


solution for the problem (1.5), when 1 < p< Wao 


Our purpose of this work is to generalize some of the above results, so with the suitable 


choice of the test function, we prove the non-existence of nontrivial global weak solution of 


(7). 
2. PRELIMINARIES 


Set Sp = (0,7) x (R“). The results of our research are based on the following definitions: 


Definition 2.1. Let0<a<land¢ ¢€ L1(0,T). The left-sided and respectively right-sided 


Caputo derivatives of order a for ¢ are defined as: 


1 * &(s) 1 " &(s) 
D> ,.¢(t) = Dir C(t) = 
oie ( ) T(1 _ a) i (t _ sats and 7S ( ) r(1 _ a) | (s =a 
where T’ denotes the gamma function (see p 79). 


Definition 2.2. We say that u > 0 is a local weak solution to (7.1), defined in Sip, O< T < 


+oo, if u is a locally integrable function such that uPh € Li..(Sr) and 


loc 


[mur warae+ f ug (x) U (0, 2) de+ f u1(x)U (0, x) dx — [wala ¥e(0,2) dx 


R 
= We deat + | uDfrW de dt + f u(—A)2W da dt, 
Ur Ur Ur 


is satisfied for any VU € Cr? (Er) such that U(T,.) = U,(T,.) =0. 


Definition 2.3. We say that u > 0 is global weak solution to (1.1) if it ts a local solution to 
(1.1) defined in Sp for any T > 0. 


Now, we recall the following integration by parts formula (see p 46): 


T oE 
[ some oae= f° wiroy(Qucnat (2.6) 
0 0 


We notice that, in all steps of proof, C > 0 is a real positive number which may change 


from line to line. 
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3. MAIN RESULTS 


Our main result reads as follows: 


Theorem 3.1. Assume that p > 1,0 < a < 1,0 < 6B < 2 and the conditions (1.2) are 


satisfied, if 
a(N + p)+ 6(1+v) 


; 3.7 
~ aN+B(1-a) ae 
then the problem (1.1) has no nontrivial global weak solutions. 

Proof. Since the principle of the method is the right choice of the test function, we 


choose it as follows: os 
t? + |z|@ 
R2 


where ® is a cut-off no increasing function satisfying 


W(t.) = ( ), R>0, 
0, if r>2, 
1, if r<l, 
and 
0<@<1, forall r>0. 
Now multiplying the equation by W and integrating by parts on Ur = (0,T) x (RY), 


we get 


hlu? Wade dt + f uo()¥(0,2) de + [ neh O,2)\ de 
“7 RN RN 


-f uo(2)¥e(0,2) dz = f waded — | ube de dt + [ u(—A)2W de dt. 
RN “7 “7 “ur 


Invoking the fact that 


(3.8) 


B 
P+ lel« 
Re) 
we easily deduce that U;(0, 2) = 0. By using (2.6), the formula (3.8) will be on the shape 


U,(t,2) = 2R*o'( 


i. h |u|? © dx dt + in uo(x)W (0, x) da + [. ui (x) W(0, x) dx os 


=) wWuedeat + | uf deat + f u((—A)2W) de dt. 
Ur Ur Ur 


To estimate 


| UV dx dt, 
ur 


| uWy dx dt = | uh)? Uy, (hW) ? de dt, 
or “rp 


we observe that 
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we have also 
1 -1 
if uDi7W da dt = | u(hW)? Dy pV(RW) ? dx dt, 
“op ur 
and 


[ w-aytwaca= [ u(hW)?((—A)2U)(AW)? de dt. 
Yr ur 


An application of the following e-Young’s inequality 
ab < ea? + C(e)b’, a> 0, b>0,€>0, pg=p+q and Cle) = (ep)? qv, 
to the first integral of the right hand side of (3.9), we obtain 
i uy de dt < ef lu)? hW dex dt + co | |W Pt (AW) P=" dar dt, 
op or Ur 


and for the second integral of the right hand side of (3.9), we get 


| uDipW de dt < ef Jul? nv deat +C(6) [ (|Diirv yen (hW)e=" dee dt. 
“7 ur “or 


Similarly for the third integral of the right hand side of (3.9), we have 


= = 
2(W)|” | (AW)? ded. 


(—A)? (WY) 


| u(-A) #0 ara <e/ jul? hw der dt + Cle) [ 
“or “ur >» 


ee 


Finally, we get 


os ai 
— (AW) >t dx dt 
(3.10) 


[ iuenwara sc | alt (WW) T deat +c f Dery 
“7 “<r “7 


8 aI <1 
+0] |(-A)2(W)|?7 (AW) dedt. 


ur 


By the choice of W, it is easy to show that 


Pp 
p-l1 


(hw) rt dz dt < o, 


| |WilP2 (hW) P=? de dt < co, | Dery 
ur “7 


a 


At this stage, we introduce the scaled variables: 


—P_ = 
(W) |?! (AW) P=1 de dt < 00. 


7=tR!,C=aR?. 
Using the fact that 


a B B 
dxdt = Re “acdr, UY, = R'Y,, Vy = R-7U,,,(—A)2 VU = R-“(-A)ZW, Dip¥ = RD pV, 
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and setting 
N 2 28 2 28 
Q={(7,QEREXRM 1s +|cle <2}, olrcvar+id=, 


we arrive at 


| lu? hdedt < CRM f (W,7)(y)|7=1 (hW) P=" de dr 
Sr Q 
=2 = 
+R f \(Depr)(e)|”* (WW) dC dr (3.11) 
B a <1 
+R | (—A)2U(y)|" (hW) P=! dé dr. 
Q 
Where 
_ Na, 2p 1 og 
A = Bo p-1 ate) 
_ Ne, ap 1 a, 
ar carr sat (get): 
_ Na, ap 1 a | 
a See 


One can easily observe that: 0; < 42 = 03, we infer that 


i Jul? hw dx dt < CR® i \(U,-.)(y)| P= (hW) P=" dC dr 
up Q 


+ [rer]? wy d¢ dr (3.12) 


+f |-ayive) 
Q 


a si 
’" (hb)e-t ddr], 


where R > 0, large and 


p=0)= {fon + (1 —a)|p — a(N +p) — B(1-4 v)\. 


1 
B(p— 1) 
It is clear that aN + (1 — a) > 0, thus, we distinguish two cases: 


e If 


a(N +p) + B+ v) 
aN+B(l-a) ’ 


then the right-hand side of (3.12) goes to 0 when R tends to infinity, we pass to the 


d<0Sp< 


limit in the left hand side, as R goes to +00, we get 


lim il h|ul|? © dx dt = 0. 
R->+00 =r 
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Using the Lebesgue dominated convergence theorem, the continuity in time and space 


of u and the fact that W(t, 7) — 1 as R > +00, we infer that 


/ h|ul? dx dt = 0. 
R+xRN 


Therefore, if u exists then necessarily u = 0 a. e. on Rt x RY. 


e If 
a(N + p)+ B11 +v) 
0 — — 
ee PS aRs eal 
then we have 
i: |u|? hdax dt < +00. (3.13) 
Rt+xRN 


By using (3.9) we obtain 
i hlu wae dt + [ uo()¥(0,2) de + [ uy (x) WU (0, x) dx 
or RN RN 
< | u(hW)? || (AW)? dcat+ [ u(hW)? 
“op “or 


a [ u(hW)? 


Accordingly, using Hélder’s inequality in the right hand side of (3.14), yields 


aa 
Dér| (hw) dx dt (3.14) 


(-A)? | (nw)? de dt. 


p-1 


i 
Pp = Pp 
h|ul? © dxdt < (/ waa) (/ WielP (hw) m=" iva 
or ur ur 


pl 


dl 
Pp a a Pp 
+(f wh dat) (/ (|Deirv|)P* (nw) iva) 
Ur ur 
1 pol 
Pp B _p_ =. Pp 
oa (/ wh dat) (/ (|(-a)2 |)? (nw) iva) : 
<r ur 


We easily see that 


pol 


1 
B F 7 P 
/ h ul? © de dt < ( whe deat) x (/ ial? (n0y aa) 
“7 “pr “ur 
p-l1 
+ (/ (|Dir 
“ur 


di (L, ( (ay? y| ) PT (hW)P-1 toa | 


p 


)P=1 (AW) Pt der «) 
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Because 6 = 0, we get from (3.13) that 


p-1 
p 


P bee 
| hlul? W de dt < [, whvacat x [MeO (nu(eyy ac ar 
=r Oe Oy 


p-1 


Pp 


% [, ( [DS ar ()| ) 1 (hW(y))?=* de dr 


8 es a1 
+(f (artww)) our acar) © |, 
where 
Q, = { (7,6) ERtxR; 1 <r tilel® 2 2}, 
and 
Q= { (t,) ER xR; RB? <4 |a|¢ < oR}. 


Taking into account the fact that fo. .,2n |u|? hda dt < +00, we obtain 


lim Jul? hW dx dt = 0, 
R-++00 Q 


hence, we conclude that 


/ lu)” h da dt =0. 
Rt+xRN 


Whereupon u = 0. We deduce that no nontrivial global solution is possible. This finishes the 


proof. 


Remark 3.1. We observe that in the casea=1, 8 =2, w=v=O0, we retrieve the Fujita’s 


critical exponent pe = 1+ x. 
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ON SOME TENSOR CONDITIONS OF NEARLY KENMOTSU 
f-MANIFOLDS 


YAVUZ SELIM BALKAN AND CENAP OZEL* 


ABSTRACT. In this paper, we continue to study on nearly Kenmotsu f-manifolds motivated 
by previous study. In this time, we prove that a second-order symmetric closed recurrent 
tensor is a multiple of the associated metric tensor on nearly Kenmotsu f-manifolds. Then, 
we get some necessary condition under which a vector field on a nearly Kenmotsu f-manifold 
will be a strict generalized contact or Killing vector field. Finally, we show that every y- 
recurrent nearly Kenmotsu f-manifold is an Einstein manifold of globally framed type and 


every locally y-recurrent nearly Kenmotsu f-manifold is a manifold of constant curvature. 


1. INTRODUCTION 


The studies on complex manifold is initiated by Schouten and van Dantzig in 1930 [20]. 
In 1933, Kahler introduced an important class of complex manifolds, which is called Kahler 
manifold [13]. Then, Weil proved that the existence of (1, 1) tensor field J on complex 
manifold, which satisfies 


J? = —-I, 


where I denotes the identity transformation [23]. In 1950, Ehresmann defined almost complex 
manifolds, using this tensor field J. He proved that every complex manifold is an almost 


complex manifold, but the converse is not true [7]. 
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In 1970, A. Gray introduced nearly Kahler manifolds which are not Kahler, using the 
covariant derivative of almost complex structure J with respect to any vector field on manifold 


[11]. Nearly Kahler manifolds satisfy 
(VxJ)X =0, 


for each vector field X. Then, using this definition, Blair introduced nearly cosymplectic 
manifold in 1971 [4] and Blair et al. defined nearly Sasakian structure in 1976 [5]. Recently, 
Balkan carried this notion on globally framed metric f-manifolds and he introduced and 
studied on nearly C manifolds [2] and nearly Kenmotsu f-manifolds [1]. 

The notion of globally framed manifold or globally framed f-manifold, which is general- 
ization of complex and contact manifolds, was introduced by Nakagawa in 1966 [16]. Then, 
Blair defined three classes of globally framed manifolds, called K-manifold, S-manifold and 
C-manifold [3]. Many researchers studied on these manifolds. Falcitelli and Pastore in- 
troduced almost Kenmotsu f-manifolds in 2007 [8]. In 2014, Oztiirk et al. defined almost 
a-cosymplectic f-manifolds, which are generalization of almost C-manifolds and almost Ken- 
motsu f-manifolds [18]. 

Tensor properties are so important in differential geometry, in particular in Riemannian 
geometry. Many researchers focused on many aspect of this topic. Wong studied recurrent 
tensor fields on a manifold endowed with a linear connection [24]. Levy proved that on a space 
of constant curvature, second order symmetric parallel non-singular tensors are constant 
multiples of the metric tensor [15]. Najafi and Hosseinpour Kashani considered this topic for 
nearly Kenmotsu f manifolds [17]. 

Now, let (IZ, g) be a Riemannian manifold. If a (0, 2)-tensor field a satisfies Va = A\@a 
for some 1-form , then it is said to be a recurrent tensor field on (M, g). Here, the 1-form 
X is called the recurrence co-vector of a. It is easy to see that every multiple of the metric 
tensor is a recurrent tensor. Furthermore, if a is called a closed recurrent tensor. Also we 
can say that the set of closed recurrent tensors contains the set of parallel tensors as a subset, 
for \ = 0 ([24], [25)). 

In the present study, we focus on nearly Kenmotsu f-manifolds motivated by previous 
studies. Firstly, we prove that a second-order symmetric closed recurrent tensor is a mul- 
tiple of the associated metric tensor on nearly Kenmotsu f-manifolds. Then, we get some 
necessary condition under which a vector field on a nearly Kenmotsu f-manifold will be 


a strict generalized contact or Killing vector field. Finally, we show that every y-recurrent 
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nearly Kenmotsu f-manifold is an Einstein manifold of globally framed type and every locally 


y-recurrent nearly Kenmotsu f-manifold is a manifold of constant curvature —1. 


2. PRELIMINARIES 


Let M be (2n + s)-dimensional manifold and y is a non-null (1, 1) tensor field on M. If 


y satisfies 
y?+y=0, (2.1) 


then y is called an f-structure and M is called f-manifold [26]. If rankp = 2n, namely 
s = 0, y is called almost complex structure and if ranky = 2n +1, namely s = 1, then y 
reduces an almost contact structure [10]. ranky is always constant [21]. 


On an f-manifold M, P; and P» operators are defined by 
P=-¢*, P= +I, (2.2) 


which satisfy 
Pi +P, =I, PP= Fi, =P, (2.3) 
er =Piy=9, Rrp=~P,=0. 
These properties show that P, and P; are complement projection operators. There are D and 
D+ distributions with respect to P,; and P: operators, respectively [27]. Also, dim (D) = 2n 
and dim (D+) = s: 
Let M be (2n + s)-dimensional f-manifold and ¢ is a (1, 1) tensor field, €; is vector field 


and 7’ is 1-form for each 1 <i < s on M, respectively. If (y, bi, ') satisfy 
1 (€i) = oy, (2.4) 


g=-I+) Ff @&, (2.5) 
i=1 


then (y, &, 7) is called globally framed f-structure or simply framed f-structure and M is 
called globally framed f-manifold or simply framed f-manifold [16]. For a framed f-manifold 
M, the following properties are satisfied [16]: 


y& = 0, (2.6) 
nioy=0. (2.7) 
If on a framed f-manifold M, there exists a Riemannian metric which satisfies 


n (X) =9(X, &), (2.8) 
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and 
g(eX, vY) =9(X, Y) ar (X) ni (Y), (2.9) 


for all vector fields X, Y on M, then M is called framed metric f-manifold [9]. On a framed 


metric f-manifold, fundamental 2-form ® defined by 
®(X, Y) =9(X, 9Y), (2.10) 
for all vector fields X, Y € x (M) [9]. For a framed metric f-manifold, 


No +2) — dn’ @&, earns 
1=1 


is satisfied, M is called normal framed metric f-manifold, where N, denotes the Nijenhuis 
torsion tensor of » [12]. 


A globally framed metric f-manifold M is called Kenmotsu f-manifold if it satisfies 


s 


(Vx9)¥ =)0 {g (pX, Y)&& —n* (Y) ex} (2.12) 
k=1 


for all vector fields X, Y € y (M) [18]. Furthermore, if a globally framed metric f-manifold 


M satisfies 


s 


(Vxe)¥ + (Vye) X =- >> {nk (X) pY +0' (Y) ox} (2.13) 
k=1 


then it is called nearly Kenmotsu f-manifold. It is easily seen that every Kenmotsu f- 
manifold is a nearly Kenmotsu f-manifold, but the converse is not true. When a normal 
Kenmotsu f-manifold M is normal, it is Kenmotsu f-manifold [I]. On a nearly Kenmotsu 


f-manifold M, the following identities hold: 


s 


R(E, x¥=Ji{-9 (X, Y)&et+nk(v) x}, (2.14) 

R(X, Y)& =d{v (xy - ky) x}, (2.15) 

5 (eX, e¥) = 8(X, ¥) + Qn+s—1) oak (XY), (2.16) 
va 

(Vxn') Y =g(X, Y) D9 (X)n* (Y), (2.17) 

> (R(X, Y)Z) = 3 {ocx Z)n* (Y)—g(¥, Z) nk (x)\, (2.18) 


for any vector fields X, Y on M [I]. 
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A vector field X on a nearly Kenmotsu f-manifold M is said to be a generalized contact 


vector field, if 


Lxn¥ (Y) =on* (¥) (2.19) 
or a conformal vector field, if 
Lxg(¥, Z)=pg(Y, Z), (2.20) 


for any vector fields Y and Z on M, where o and ¢ are scalar function defined on M and Lx 
denotes the Lie derivative along X. Moreover, X is called strict generalized contact vector 


field or Killing vector field if o = 0 or p = 0. 


3. RECURRENT TENSOR FIELDS OF THE SECOND ORDER ON NEARLY KENMOTSU 


f-MANIFOLDS 


Theorem 3.1. Let M be a nearly Kenmotsu f-manifold. Then a second-order symmetric 
closed recurrent tensor field whose recurrence co-vector annihilates €, is a multiple of the 


metric tensor g for eachl<k<s. 


Proof. We suppose that M is a nearly Kenmotsu f-manifold and a is a closed recur- 
rent (0, 2)-tensor on M which satisfies \ (€) = 0, for each 1 < k& < s. After a straightforward 


calculation, we obtain 
a(R(W, X)Y, Z)+a(Y, R(W, X)Z)=AW)a(VxY, Z)-A(X)a(VwY, Z), (3.21) 


for any vector fields X, Y, Z, W on M. Putting Y = Z = W = &; in (8.21) and using 
Vx& = —y?X, then in view of (€;) = 0 we have 


By using and in (3.22), we get 
9(X, &) D> {a(& &)+a(&, &)}-a(X, G&)-a(G, X) =0 (3.23) 
k=1 


Differentiating (3.23) along Y and using V¢,€ = 0, it follows that 


{g(VyX, &)+9(X, Vv&)} >) {a(&, &) +a(&, &)} (3.24) 


k=1 
= a(VyX, &)+a(X, Vy&) +a(Vyv&, X)+a(&, VyX). 


78 YAVUZ SELIM BALKAN AND CENAP OZEL* 


Replacing X by VyX in (3.24), we derive 


9g (VvX, &) > ofa (ke, &) +a(&, &)} -—a(VyX, &)—a(&, VyX) =0 (3.25) 


k=1 
From and (3.25), we deduce 
g(X, vv) 0 {a (fk, &:) +a (fi, &e)} =a(X, Vyéi) +a(Vy&, X). (3.26) 
k=1 
Taking in account of Vx; = —y?.X, then we conclude that 
g (x ee Sat (Y) a) 5 {a (x, &) +a(&, &)} (3.27) 
k=1 k=1 


=a (x Y¥— Sof (¥) a) +a (v —Sont (Y)&, x) (3.28) 
k=1 k=1 

Using (3.23) and (3.27), we find 

a(S Yy= > o* Gy, Go (X,Y). (3.29) 

k=1 

Here, a° denotes the symmetric part of a defined by 

a° (X, Y) = 5{a(X, ¥)+(¥, X)} 
and a* (€%, &) =a(&, &) +a(&, €%). Furthermore, by using (3.23) and Va = A@a, then 
we have Vxy = A(X), where X is an arbitrary vector field on M and 


e= oO iy Ge) 
k=1 


Hence, if a is a parallel tensor or equivalently \ = 0, so we can say p is a constant function, 
but in general yz is not a constant function. Additionally, if a is symmetric, i.e.w = a°, then 


we conclude a = pg and A = du. 


4. GEOMETRIC VECTOR FIELDS ON NEARLY KENMOTSU f-MANIFOLDS 
Theorem 4.1. Every generalized contact vector field on a nearly Kenmotsu f-manifold leav- 


ing the Ricct tensor invariant is a generalized strict contact vector field. 


Proof. Let us suppose that a generalized contact vector field X leaves the Ricci 
tensor invariant, i.e. 


LxS(Y, Z) =0, (4.30) 


for any vector fields Y and Z on M. Taking Y = & in (4.30), it implies that 


Lx (S(Y, &)) =S(LxY, &)+S(Y, Lx&). (4.31) 
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By using (2.16), (2.19) and (4.31), then we have 
(1 — (2n+s) Jo Sony S(Y, Lx&). (4.32) 
Taking Y = €; in (4.32) and using (2.16), then we obtain 
o= So nf (Lx&). (4.33) 
On the other hand, substituting €; for Y in (2.19) it follows that 
yy ee 4.34) 
k=1 
which means o = 0. 


Theorem 4.2. Every vector field on a nearly Kenmotsu f-manifold leaving the curvature 


tensor invariant is a Killing vector field. 


Proof. For a vector field X on a nearly Kenmotsu f-manifold, we assume that 


Lx R= 0. It is well-known that the curvature tensor of g satisfies 
g(R(U, V)Y, Z)+9(RW, V)Z, Y) =0, (4.35) 


for all vector fields U, V, Y, Z on M. Applying Lx to (4.35), we have 


Lxg(R(U, V)Y, Z)+Lxg(RU, V)Z, Y) =0. (4.36) 
Setting U =Y = Z =; in (4.36) and using (2.14), we derive 
Lxg(V, &) =m (V) Dxg (Ei, &). (4.37) 


On the other hand, putting U = Y = & in (4.36) and using (2.14), it implies that 


0 = Lxgl(V, 4)- VIS baal bk, Z (4.38) 
+Lxg (i, V en g(V, Z) Lxg(&, &) 
From (4.37) and (4.38), then we get 
Lxg(V, Z)=pg(V, Z), (4.39) 


where p = g(&, &;). Under the assumption Lx R = 0, we see that Lx S = 0. Furthermore, 
it is said to be 


2 il 


p=—2g(Lx&, &) = On pen) (Exe Gi) = (an ay 9 i) =0. (4.40) 
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5. p-RECURRENT NEARLY KENMOTSU f-MANIFOLDS 


Firstly, we give some basic definitions. 


Definition 5.1. A nearly Kenmotsu f-manifold M is said to be locally p-symmetric manifold 


in the sense of Takahashi |22| if it satisfies 
g” ((VwR) (X, Y)Z) =0, (5.41) 
for all vector fields X, Y, Z, W orthogonal to &, for eachil<k<-s. 


Definition 5.2. A nearly Kenmotsu f-manifold M is said to be y-recurrent manifold in the 
sense of Takahashi {22} (locally y-recurrent manifold, resp.) if there exists a nonzero 1-form 


B such that 
vy? ((VwR) (X, Y)Z) = B(W) R(X, Y) Z, (5.42) 


for arbitrary vector fields X, Y, Z, W (for all X, Y, Z, W orthogonal to &, for each 


1<k<s). 


Theorem 5.1. Let M be an n-Einstein nearly Kenmotsu f-manifold. If at least one of the 


coefficients is constant function, then M is an Einstein manifold. 


Proof. From (5.42), we have 


(WwR) (X, ¥)Z= Soak (WwR)(X, Y)Z)&e— BOW) R(X, YZ (6.8) 
k=1 


By using (5.43) and Bianchi identity, we obtain 


Ss 


B(W)) [n* (R(X, Y)Z) + B(X)) /n* (RY, W)Z)+ BY) Sin (RW, X)Z) =0. 
k=1 k=1 k=1 
(5.44) 
Now, let {e;}, 1 <7 < 2n-+s be an orthonormal basis of the tangent space at any point of 


the manifold. Setting Y = Z = e; in (5.44) and taking summation over i, in view of (2.14) 
and (2.15), then we conclude that 


Ss 


B(W) So n* (X) = B(X) Son (WW), (5.45) 
k=1 k=1 


for any vector fields X, W. Replacing X by &; in (5.45), it implies that 


B(W) = (8) Sink (Ww), (5.46) 
k=) 
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where B(€;) = g (&, B) =1 (8) . Now, let us suppose that M is n-Einstein, the we can 
write 
S(X, Y) =ag(X, Y) +b) on (X) a (¥), (5.47) 
k=1 
where a and b are scalar functions on M. Taking Y = &; in (2.17), from (5.47) we deduce 
ob = = 2h: (5.48) 


Using local coordinate, we can rewrite (5.47) as follows: 


Rij = agiy +b) nF nk, (5.49) 
k=1 
which implies 
r=(2n+s)a+sb. (5.50) 


Taking the covariant derivative with respect to g from (5.49), we derive 
s 
Rijm = Amis +> {bmnkinf + bak anh + bnk nim} (5.51) 
k=1 


By contracting (5.51) with g’”, we get 


Rin = 05 + D> {ome nk + dn a ginh + bnknk ng” } (5.52) 
k=1 
1 
We know that Ri, = a Thus we have 
rj =2 {* + > [bymé™ + 2nd] | 329) 
k=1 


Here, we use (2.17) atid Huang’ = { Jim = 4 ine = 2n. Moreover, taking the 
covariant derivative of (5.48) and from (5.50), then we obtain 


rs = 2nag: (5.54) 


Substituting (5.54) into (5.53), it follows that 


naj = aj + S— [bmé™ + 2nb] nf. (5.55) 
k=1 
By contracting (5.55) with €/ and using (5.48), we deduce 
bmg” = —2b. (5.56) 


Moreover, if b or a is a constant function, then (5.56) implies that b = 0. Hence, M is an 


Einstein manifold. 


82 YAVUZ SELIM BALKAN AND CENAP OZEL* 


Theorem 5.2. Every y-recurrent nearly Kenmotsu f-manifold is an Einstein manifold. 


Proof. By using (5.43), we obtain 


— 9 ((VwR)(X, Y)Z, U) +o n* (WVwR)(X, Y)Z)n" (U) = B(W) g (R(X, Y)Z, U). 

o (5.57) 
Let {e;}, 1 < 7 < 2n +s be an orthonormal basis of the tangent space at any point of the 
manifold M. Setting X = U = e; in and taking summation over 7, then we deduce 


that 


2n+s 
—(VwS)(¥, Z)+ Son! (VwR) (ei, Y) 2) n' (ei) = B(W) S(Y, Z). (5.58) 


i=1 
Replacing Z by &;, in (5.58), we have 


2n+s 
— (Vw) (¥, &) + D> nf (Vw) (ei, Y) &) n' (es) = BW) S(Y, &). (5.59) 


i=1 


Now, we will show that 37?" n' ((VwR) (ei, Y) &) 7" (e:) vanishes identically. Firstly, we 


recall 
2n+s Ss 
do 1 (Vw) (e:, Y) &) a (e:) = Son (Vw) (ei, Y) &x) (5.60) 
i=1 k=1 
= Sog((VwR) (ex, Y)&, &), 
k=1 
where we use 77 (e;) = 0 for i=1, ...,2n. From the properties, we find 
YS" 9 ((VwR) (ex, Y) es &) (5.61) 


k=1 


= So {9(VwRlew, Y)& &)-9(R(Vwer Y)&, &) 
k=l 


—=9 (Ren, Vw) &: &) —o(Rleg: ¥) Vokes €)} - 


Making use of (5.61) at p € M and using 9;; (p) = 6i;, we conclude that Vex (p) = 0. On 


the other hand, we get 


s 


Yo g(R(ee, VwY) és &) =—- do 9 (REx, &) VwY, ex) = 0, (5.62) 


k=1 k=1 


since R skew-symmetric. By virtue of (5.62) and Vwex (p) = 0 in (5.61), we derive 


dig (VwR) (ex, Y) Ee, &) = So {g(VwR(ew, Y) Ee, &) (5.63) 
k=1 


k=1 = 
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By using g( (ex, Y)&, &) =—g (RE, &&) ¥, ex) =0, we find 


Yi {9 (VwRlex, Y) ee, &) — 9 (Rew, Y)&, VwE.)} =0, (5.64) 
k=1 


which implies 


Ss 


0 = 9 ((VwR) (ex, Y)&, &) (5.65) 
kal 


s 


= —) {9(Rlex, Y)&, Vw) +9 (Rex, Y) Vw, &)}, 
h1 


since R skew-symmetric. Hence, we prove )07"}* n' ((VwR) (ei, Y) €r) n’ (e:) = 0 and from 
(5.59) we have 


— (Vw) (Y, &) = B(W)S(¥, &). (5.66) 


Furthermore, it is well-known that 


(VwS)(¥, &&) =VwS(¥, &)-—S(VwY, &)-—S(Y, Vwék). (5.67) 
By applying (2.16), and Vx; = —y?X in (5.67), it follows 
(Vw5)(¥, &) =—(Qn+s—I1)g(¥, W)—-S(Y, W). (5.68) 


Plugging (5.68) into (5.66) and using (5.46), we conclude that 
S(Y, W) =(1-2n-s)g(¥, W)+(1-2n-s)n' (B) Sone (YW), 
k=1 


which means the manifold 7-Einstein of globally framed type with a = (1 — 2n — s) is con- 


stant. By Theorem 4., it is said to be M is an Einstein manifold 


Theorem 5.3. A locally y-recurrent nearly Kenmotsu f-manifold has constant curvature 


—1. 


Proof. Differentiating (2.15) with respect to any vector field W and taking in account 
of (2.17), after an easy calculation we find 


(VwR)(X, Y)& =9(W, X)¥ —9(W, Y) X—R(X, Y)W. (5.69) 
By using (2.18) and from (5.69), we get 


don (Ww) (X, Y) &) =0. (5.70) 
k=1 
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From (5.69) and (5.70), we have from (5.43) 


Ss 


> (VwR)(X, Y)& = BW) SO R(X, YE. (5.71) 
k=1 k=1 


By virtue of (5.69), it implies that 
—g(W, X)Y+g9(W, Y)X+ R(X, Y)W=B(W)S R(X, Y)&. (5.72) 
k=1 


Thus, if X and Y are orthogonal to & for each 1 < k < s, we derive 


So R(X, Y)& =0. (5.73) 
k=1 
Hence, for all vector fields X, Y and W, we deduce 


R(X, Y)W=—{g(W, X)¥ +g (W, Y)X}, 


which gives us desired result. 


6. EXAMPLE 


Let M be a 6-dimensional manifold given by 


M = {(a1, x2, yi, ya, 21, 22) € R®: 2, 22 #0} 


where (21, 22, Y1, Y2, 21, 22) are standard coordinates in R®°. We choose the vector fields 


as in the following: 


a= e7 (+22) ‘ eo = e-eten) 9 
Ox Ox 
—(z1+22) — p—(z1 +22) 0 
= dy’ “AS Oy’ 
6 = 2 € = = 
— Oz" aa Oza 


which are linearly independent at any point of M. Denote g the Riemannian metric defined 
by 
2 
goce™) S- {dx; @ dx; + dy; ® dy, + dz ®@ dz}. 
i=1 
Let 7 and 2 be 1-forms given by 7 (X) = g(X, e5) and 2 (X) = g(X, eg) for any vector 
field on M, respectively. Thus {e1, e2, e3, e4, €5, e6} is an orthornormal basis of tangent 


space at any point on M. We define the (1, 1)-tensor field y as follows: 


2 2 
O O O O O 
2 (>: («ign y Yi by, T “%)) = Ss" (ax - p=) . 
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Hence we derive 
per=e€3, perz=e4, pes=—e1, pera=—e2, yes=0, peg =0. 
By virtue of the linearity of g and y, we deduce that 
m(es)=1, m(es)=1, y?X =-X+m (X)e5 +m (X)e 
g (yx, yY) =9(X, Y)—m(X)m (Y) — m2 (X)m (VY). 


Then for €; = e5 and €2 = €¢, (y, &i, 7, 9) defines a globally framed metric f-structure on 
M. It is clear that the 1-forms are closed. On the other hand, we get 


0 oO) 2 oO oO = a a O-\ —2(z1+22) 
o(2. x) =0 (=. em) =o (-. x) aka 


which means that ® = —e?(41+72), Therefore, we obtain 


d® = —2e7(1472) (dz, + dzo) Adx Ady =2(m +m) A® 


which gives us M is an almost Kenmotsu f-manifold. After some easy computations, it is 
clearly seen that the Nijenhuis tensor field vanishes identically, that is, M is normal. So 
M is a Kenmotsu f-manifold. It is well-known that every Kenmotsu f-manifold is a nearly 
Kenmotsu f-manifold (see [2]). Thus we conclude that M is a nearly Kenmotsu f-manifold 


Furthermore we have 


[e1, e5] = |e1, €6] = e1, 
[e2, e5] = lez, €6] = ee, 
[es, e5] = les, €6] = es, 
lea, €5] = [ea, e6] = e3 


and remaning terms [e;, ej] = 0 for all 1 <i, 7 <6 
The Riemannian connection V of the metric tensor g is given by Koszul’s formula which 


is defined by 


2g(VxY, Z) = Xg(Y, Z)+Yqg(Z, X)-— Zg(X, Y) 


By using this Koszul’s formula, then we obtain 


Veti = Veges = Vests = Vases = = (3 + 66) 
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and the other terms V;.,e; = 0 for all 1 <7, j <6. It is welknown that Riemannian curvature 


tensor is defined by 


R(X, Y)Z=VxVyZ-VyVxZ-Vix, W/Z (6.74) 


for any vector fields on M. By the above results, we can easily get the non-vanishing com- 


ponents of the Riemannian curvature tensors as in the following: 


R(e1, e5)e1 = R(e1, €6) e1 = €5 + €6, 
R(e2, €5)e2 = R(e2, eg) e2 = €5 + & 
(6.75) 
R(e3, €5)e3 = R(e3, €6) e3 = €5 + €6, 
R(ea, €5)e4 = R(eq4, eg) €4 = €5 + €. 
Now, let X, Y and Z be three vector fields given by 
X = aye, + ageg + a3€3 + age, + a5es + ages, 
Y = bye, + beeg + bge3 + baeg + b5e5 + bee6, 
L= Cie, + CQ9€Q + CZE3 + C4e4 + CHES + CEEG 
where a;, 0; and c; are all non-zero real numbers for alli = 1, ..., 6. By taking into account 


of (6.75) in (6.74), then we get 
R (X, Y) Z= {a1c1 + a2C2q + A3C3 + a4ca } (bs + bg) (€5 + €¢) : 


Again by using (6.75), then we obtain the scalar curvature r = 8. By these considerations, it 


is said that the 6-dimensional manifold M satisfies Theorem 2 and Theorem 3. 


7. CONCLUSION 


In this paper, we study some tensor conditions on nearly Kenmotsu f-manifold and we 
generalize some previous results obtain by Najafi and Hosseinpour in since a nearly 
Kenmotsu f-manifold is a nice generalization of nearly Kenmotsu one. Additonally, we 


construct an example satisfying some corresponding results. 
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ON SEMI-INVARIANT ¢+-SUBMANIFOLDS OF LORENTZIAN 
PARA-SASAKIAN MANIFOLDS 


MOBIN AHMAD* 


ApstrACT. In the present paper, we study semi-invariant €+-submanifolds of Lorentzian 
para-Sasakian manifolds. We discuss the integrability conditions of the distributions D 
and D+ on semi-invariant €+-submanifolds of Lorentzian para-Sasakian manifolds. We also 
obtain some characterizations for the totally umbilical semi-invariant €+-submanifolds of 


Lorentzian para-Sasakian manifolds. 


1. Introduction 


In 1989, K. Motsumoto [1] introduced the notion of Lorentzian para-Sasakian manifold 
(LP-Sasakian manifold). I. Mihai and R. Rosca [2] defined the same notion independently 
and thereafter many authors [| 3, 4, 5 | studied LP-Sasakian manifolds. M.M. Tripathi and 
U.C. De [6 ] studied submanifolds of a Lorentzian almost paracontact manifold. C. Ozgur [7] 
studied invariant submanifolds of LP Sasakian manifolds. In 1981, A. Bejancu [8] introduced 
the notion of semi-invariant submanifold or contact CR-submanifold, as a generalization of 
invariant and anti-invariant submanifolds of an almost contact metric manifold. P. Alegre [9] 


studied semi-invariant submanifolds of Lorentzian para-Sasakian manifold. CR-submanifolds 
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of LP-Saskian manifold were studied by several geometers (see, [10], [11], [12 ], [13 ], [14]). 
N. Papaghuic [15 ] defined €+-submanifolds in which the structural vector field € is orthogonal 
to the submanifolds and studied geometry of the leaves on Kenmotsu manifold. Constantin 
C. et. al [16] studied semi-invariant €+-submanifolds of generalized quasi-Sasakian manifolds. 
M. M. Tripathi [17] studied semi-invariant €+-submanifolds of trans-Sasakian manifold. Fur- 
ther, S.Y. Perktas et. al [18] studied semi-invariant €+-submanifolds of P-Sasakian manifold. 
In this paper, we study semi-invariant €+-submanifolds of LP-Sasakian manifold. In partic- 


ular, we recover the results of Papaghiuc [15] and Calin [16]. 


The paper is organized as follows. In section 2, we give a breif description of Lorentzian 
para-Sasakian manifold. In section 3, we find some results on semi-invariant €+-submanifolds 
of Lorentzian para-Sasakian manifolds, discuss the integrability of distributions D and D+ of 
semi-invariant €+-submanifolds of Lorentzian para-Sasakian manifolds and finally in section 
4, we find some characterizations for the totally umbilical semi-invariant €+-submanifolds of 


Lorentzian para-Sasakian manifolds. 


2. Preliminaries 


Lorentzian para-Sasakian manifold 
Let M be (2n + 1)—dimensional almost contact metric manifold with a metric tensor g, a 


tensor field ¢ of type (1,1), a vector field € and a 1—form 7 which satisfy 


GX =X + (X)E,n(€) = 1, (2.1) 
G(X, OY) = g( X,Y) + 0(X)n(¥), (2.2) 
IX, §) =X), (2.3) 
GX, Y) = G(X, oY) (2.4) 


for all vector fields X, Y tangent to M. Such a manifold is termed as Lorentzian para- 
contact manifold and the structure (¢,7,€,g) a Lorentzian para-contact structure [1]. Also 


in a Lorentzian para-contact structure the following relations hold: 


o& = 0, n(¢X) = 0,rank(¢) =n-1. 
A Lorentzian para-contact manifold M is called Lorentzian para-Sasakian (LP-Sasakian 
manifold if [2]). 


(Vxd)(¥Y) = 9X Y)E+n(Y)X + 2n(X)n(VE, (2.5) 
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Vxé= 0X (2.6) 


for all vector fields X, Y tangent to M, where V is the Riemannian connection with respect 


to g. 


3. Semi-invariant ¢+-submanifolds 


Let M be an m-dimensional submanifold of M, isometrically immersed in M. The tangent 


bundle TM of M is decomposed as 
TM=TM OTM-. 


Definition 3.1 [8] An m-dimensional Riemannian submanifold M of a Lorentzian para- 
Sasakian manifold M is called a semi-invariant €+-submanifold of Lorentzian para-Sasakian 
manifold if € is normal to M and there exists on M a pair of distributions (D, D+) such that 
(i) TM orthogonally decomposes as D @ D+, 

(iz) the distribution D, is invariant under ¢, that is 6D,CD, for each xEM, 

(iii) the distribution D+ is anti-invariant under ¢, that is ¢6Dt(M)CT}+(M) where T,M 
and T. 1M are tangent and normal spaces of M at «€M. If D+ = 0 then M is an invariant 


€+-submanifold. The normal bundle T+M can also be decomposed as 
T*M = 6D~e@po{é}, 


where gu C yp. 


Any vector X tangent to M is given by 
X=PX+QX, (3.1) 


where PX and QX belong to the distribution D and D+ respectively. Moreover, for any 
X €I(TM) and N €T(TM*), we put 


bX =tX +wX, (3.2) 
where tX (resp. wX) denotes the tangential (resp. normal) components of ¢X and 
oN =BN +CN, (3.3) 


where BN (resp. CN) denotes the tangential (resp. normal) component of dN. 
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Gauss formula for semi-invariant €+-submanifolds of an LP— Sasakian manifold is given by 
VxY =VxY4+N(X,Y). (3.4) 
Weingarten formula is given by 
VxN =-AnX+ VEN (3.5) 


for any X,Y€TM, NceT+M, where h(resp. Ay) is the second fundamental form (resp. 
tensor) of M in M and V+ denotes the operator of the normal connection. Moreover, we 
have 


g(h(X, Y), N) = g(AnX,Y). (3.6) 


Now, we study the integrability of both the distributions D and D+. For this purpose, 


first we establish some results for further use. 


Proposition 3.1. Let M be a semi-invariant €+-submanifold of an LP-Sasakian manifold 
M. Then 
(a) (Vxt)Y = AyyX + BA(X,Y), (a0) 


(b) (Vxw)Y = Ch(X,Y) — h(X,tY) + g( X, YE 


V X,Y €I(TM). 


Proof In view of (3.2), (3.3), (3.4) and (3.5), we have 

(Vx@)Y = (Vxt)Y — AuyX + (Vxw)¥ + A(X, ty) — oh(X,Y). (3.8) 
Using (2.6) in (3.8), we get 

G(X, Y)E+ oh(X,Y) = (Vxt)¥Y — AgyX + (Vxw)¥ + h(X, ty). (3.9) 


Comparing tangential and normal components of (3.9), we have our assertion. 


We can state the following proposition. 


Proposition 3.2 (16). Let M be a semi-invariant €+-submanifold of an LP-Sasakian man- 
ifold M. Then 
(a) BNe D-, 
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(b) CN Ep 
for any NE T(TM*+). 


Proposition 3.3. Let M be a semi-invariant €+-submanifold of an LP-Sasakian manifold 
M. Then 
AyzW = AywZ. 


Proof Let Y,Z € D+. Using (2.5), (3.2), (3.4) and (8.6), we have 
gAgwZ, X) = g(h(X, Z), oW) 

= 9(VxZ,oW) 

= 9(¢VxZ,W) 

= 9(VxZ,W) 

= —9(¢Z,VxW) 

= —g(h(X,W), 02) 

= —9(AgzW, X), 


which is equivalent to 


AgwZ = AgzW. 


But from (3.2), we have 6Z = wZ and (W =wW, then above equation reduces to AywZ = 
AuwzW. 


Theorem 3.1. Let M be a semi-invariant €+-submanifold of an LP-Sasakian manifold M. 


Then the distribution D is integrable if and only if 
h(X, dY) = h(¥, 6X) (3.10) 


VX, VerD): 


Proof Let X,Y €1(D). Then from (3.7)(b), we get 
w[X,Y] = h(X,tY) — A(y, tx). (3.11) 


Our assertion is a consequence of (3.11). 
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Theorem 3.2. Let M be a semi-invariant €+-submanifold of an LP-Sasakian manifold M. 


Then the distribution D+ is integrable. 


Proof In view of (3.7)(a) and Proposition 3.3, letting Z,W <€T(D+), we have 
t|Z,W] = AuzW — AuwZ = 0. 


Consequently, [Z,W] €1(D+) for all Z,W €T(D+). Hence D+ is integrable. 


Suppose that (e;, be;, €2p+j),4 € 1,2,...,p, Jj € 1,2,...,q be an adapted orthonormal local 


frame on M, where q = dim D+. Now, we can state the following: 


Theorem 3.3. Let M be a semi-invariant €+-submanifold of an LP-Sasakian manifold M. 


Then 
n(H) = 1/m trace(Ag), m= 2p+ q. 


Proof From the general mean curvature formula H = 1/m 57" _, trace(Ag, )&a, where {&1, €2, ...,Es} 


is an orthonormal basis in TM+, the conclusion holds by straight forward computations. 


Theorem 3.4. Let M be a semi-invariant €+-submanifold of an LP-Sasakian manifold M. 
Then 
(1) if the distribution D is integrable, then its leaves are totally geodesic in M 
if and only if h(X,Y) € T(w), where X,Y € T(D), 
(2) any leaf of the distribution D+ is totally geodesic in M if and only if 
h(X,Z) €T(u), where X €T(D) and Z €T(D+). 


Proof Let us prove the first statement. Let M* be a leaf of the integrable distribution D and 
h* the second fundamental form of M* in M. Also, let X,Y € M*, then X,Y € D. 


Differentiating covariantly PY =tY and using (3.4), we get 
VxtY + h*(X,tY) =(Vxd)¥ + (VxY). 
Using (2.5) in above equation, we have 


(VxtY) + h*(X,tY) = G(X, VE + n(V)X + 2n(X) (VE + O(VXY). 
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Taking inner product with Z and noting that ZeD+, 6Ze@D+ C TM+, g(oX,Y) = 9(X, oY), 
we get 

g(h*(X,tY), Z) = g(OVxY, Z) 

g(h*(X,tY), Z) = 9(VxY, $2) 

g(h*(X,tY),Z) =g9(VxY + h(X,Y), oZ) 
g(h*(X,tY), Z) = g(VxY, 6Z) + g((h(X,Y), oZ) 
g(h*(X,tY), Z) = g(h(X,Y), 62), 
which gives 
h*(X,tY) =0, 

if and only if h(X,Y) € p. 
The proof of second part of the theorem is analogous to that of Kenmotsu case in ([15], P. 
117). 


4. Totally umbilical semi-invariant ¢+-submanifolds 


In this section, we obtain a complete characterization of a totally umbilical semi-invariant 


€+-submanifold of an LP-Sasakian manifold M. For a totally umbilical submanifold we have 
A(X, Y) =9(X,Y)H, X,Y €T(TM). (4.1) 


Theorem 4.1. A semi-invariant €+-submanifold M of an LP-Sasakian manifold M with 
dim D+ > 2 is totally umbilical if and only if 


h(X,Y) =1/m g(X,Y) trace (Ae) E. (4.2) 


Proof Suppose that M is a totally umbilical semi-invariant €+-submanifold of an LP-Sasakian 
manifold M. Let X € T(D) be the unit vector field and N € T(). Using Gauss formula 
(3.4), we get 
A(X, X) = -VxX + o(VxdbX — (Vx¢)X) — n(VxX)E. 
= -VxX + o(VxoX — (Vx¢)X) — g(VxX + h(X, X), OE. 
= —-VxX + o(VxoX — (Vx¢)X) 


Taking inner product with N, we have 


g(H, N) = g(h(X, X), N) =0, 
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which shows that H € ¢D+ ® span {€}. 


Now, letting W,Z € D+, From (2.5) and (8.5), we get 
WW, Z)E + O(VwZ + bh(W, Z) = —AgzW + Viv dZ. 
Equating vertical components of above equations and then the inner product with 6H gives 
AW, 2) 9(@H, oH) = g(Z,6H)g(W, oH). (4.3) 


Since D+ > 2, for Z = W 1 @H, the above relation gives 6H = 0 which implies that 
H € span{&}. If we consider an orthonormal frame {e:, ep+i},i = 1,2,3,.....,p on M. Since 


M is a semi-invariant €+-submanifold, we can write 


H = g(H,6)€ =1/m J g(h(ei,€:),€)€ = 1/m trace(Ag)é. 


Using (4.1) in above equation, we get (4.2). 
Conversely, if (4.2) holds, then we get (4.3). From (4.2) and (4.3) together we conclude 
that M is totally umbilical. 


Corollary 4.1. Every semi-invariant €+-hypersurface M of an LP-Sasakian manifold is ge- 


odesic. 


Proof Let M is a hypersurface, that isT M+ = span {€}, which implies that h(X,Y) € span €. 
Then Corollary 4.2 follows from (4.3). 


We call a semi-invariant product as a semi-invariant €+-submanifold of M which can be 
locally written as a Riemannian product of a o-invariant submanifold and a @ anti-invariant 


submanifold of M, both of them orthogonal to €. 


Theorem 4.2. Let M be a totally umbilical semi-invariant €+-submanifold of an LP-Sasakian 


manifold M with dim D+ >2. Then M is a semi-invariant product. 


Proof Let M be a totally umbilical submanifold, then h(X,Z) = 0 for any X € T(D) and 
Z €ET(D+). So by Theorem 3.4 , the leaves of D+ are totally geodesic submanifold of M. By 
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Corollary 4.1, h(X,Y) € span {€} C pw for any X,Y €T(D). Combining this fact with Theo- 
rem 3.4, this implies that the invariant distribution D is integrable and its integral manifolds 


are totally geodesic submanifolds of M. Hence we conclude that M is semi-invariant product. 


Theorem 4.3. Let M be a totally umbilical semi-invariant €+-submanifold of an LP-Sasakian 


manifold M. If D is integrable, then each leaf of D is a totally geodesic submanifold of M. 


Proof Using (3.7)(b) for any X €T(D) , we get 


Since CH €T(p) by Proposition 3.2, H € span {€} from Theorem 4.1, €€ T(u) andwu(VxX) € 


@D+. From the above equation we deduce that w(VxX) =0, or equivalently 
VxX ET(D)V X ET (D). (4.4) 


As D is integrable, Frobenius theorem ensures that M is foliated by leaves of D. Combining 


this fact with (4.4), we conclude that the leaves of D are totally geodesic submanifolds of M. 


Acknowledgement. Integral University Manuscript Communication Number: IU/R & 
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the paper. 
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ON THE MEASURE OF TRANSCENDENCE OF ¢ = >°72,G,* FORMAL 
LAURENT SERIES 


AHMET S. OZDEMIR 


ABSTRACT. In this work, we determine the transcendence measure of the formal Laurent 

series, ¢ = a," whose transcendence has been established by S. M. SPENCER [15]. 
k=0 

Using the methods and lemmas in P. Bundschuh’s article measure of transcendence for the 


above n is determined as 


T(n,H) = Ho @tia?—edg? 
: : 
On the other hand, it was proven that transcendence series 7 is not a U but is a S or T 


numbers according to the Mahler’s classification. 


1. INTRODUCTION 


Let p a prime number and u > 1 an integer. Let F' be a finite field with gq = p“elements. 
We denote the ring of the polynomials with in one variable over F' by F'[a]and its quotient 
field by F'(x).If a € F|ajis a non-zero polynomial, denote by Oa its degree. If a = 0, then 
its degree is defined as 00 := —oo. Let a and b (b £ 0) two polynomials from F'[z] and define 
a discrete valuation of F(x) as follows 


a __ ,Oa—Ob 
5 a. 
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Let K be the completion of F(x) with respect to this valuation. Every element w of K can be uniquely 


represented by 


co 


w= oe rt "Cn € F. 


n—-k 


If w = 0, then all c,are zero. If w £ 0, then there exist and k € Zfor which cy £ 0. If w #0, then we have 


Juf = q*. 


Therefore K is the field all Formal Laurent series. The classical theory of transcendence over complex 
numbers has a similar version over K. Elements of F'[z] and F(x) correspond to integers and fractions of the 
classical theory, respectively. 

If wis one of the roots of a non-zero polynomial with coefficients in F'[z], then w € K is said to be algebraic 
over F(x). Otherwise, wis called transcendental over F(x). 

The studies to find transcendental numbers in K were initiated first by Wade [16-19]. Also Geijsel [4-7] 
did similar studies. As it is the case in the classical theory of transcendental numbers, it is possible to define 
a measure of transcendence. 

The measure of transcendence is thoroughly studied in the classical theory. For example, the transcen- 
dence measure of e has been widely investigated by Mahler [9], Fel’dman [3] and Cijsow [2]. Example for 
transcendence measure in the field K have been given for the first time by Bundschuh [1]. Further more, 
Ozdemir showed the measure of transcendence of some Formal Laurent series [11],[12]. 

In this work, we determine the transcendence measure of some Formal Laurent series whose transcendence 
has been established by S.M.Spencer [15]. We take the Go |Gi| Go...,de g Go > 1e = €0 < €1 < €2 <0, < ey 
| ex4i;°! Jes #p'for r > s,en € Z. 


If G € Fz] is a fixed non-zero polynomial of degree, O(Gx) = gr, g > 1 then the series 


c= Ge (1) 
k=0 


is an element of K,and S.M.Spencer showed its transcendence in [14]. 
Using the methods and lemmas in Bundschuh’s article [1], we determine a transcendence measure of ¢. 


We take and arbitrary non-zero polynomial 


P(y) = So ay” (ee € F[a];v = 0,1,...,n) (2) 


v=0 


Whose degree O(P) is less than or equal to n. The height of P is denoted by 


h(p) = max jay = g™rv=o er) 


co 
For the transcendental element ¢ = > G, “of K, we define the positive quantity 
k=0 


An(H,¢) = min|P(s)|, 
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where P # 0, O(P) < n,h(P) < H. If T(n,H) is a function of the variables n, H of An(H,s) which 


satisfies the inequality 


An(A, cs) 2 T(n, Ht) (3) 
for all sufficiently large values of n and H, then T(n, H) is said to be a transcendence measure of ¢. 
2. PRELIMINARIES 
Theorem 2.1. We take an arbitrary, non-zero polynomial 
Py) = >> avy”, (av € Fla]; v =0,1,...,n) (4) 
v=0 
further let 0(P) = d,h(p)=h and a= max? day. 
dp” logh > grex log q. (5) 


Then we have 


|P(é)| > Ata? eaa”* 6) (6) 


and the transcendence measure of w is 


T(n,H) = H~te*—eda®® (7) (7) 


As in the classical theory of transcendental number theory (see Schneider [13], Pagers 6), it is possible to 


define Mahler’s classification on K. Let K be transcendental, and define : 


i) fe — log On (H,) 
ss a a ie eam eg 
1 
O(n) := lim sup ~ ©, (7) (8) 


Hence On(n) > n for everyn € N and so O(n) > 1. For everyn,H € N, 


On(H,n) < H™"q" max(1,|n|") (9) (9) 


is satisfied (see Bundschuh [1], Lemma 3). 


On the other hand, let the least natural number n satisfying On(7) > oo be donated by p(n). If there is 


no such n, then on may define p(7) as co. In this case, the transcendental number 7 € R is called 


S-Laurent series if 1 < O(n) < oo and p(n) = ov, 
T-Laurent series if O(7) = oo and p(n) = ov, 
U-Laurent series if O(7) = oo and p(n) < cw. 
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Moreover the U-class may be divided into subclasses. If (7) = m (m > 0), then 7 is called a Um- Laurent 
series. Le Vaque [8] was the first to show that for all m, Um is non-empty in the classical theory but the 
honour goes to Oryan [10] if the ground field is Kk. 

According to the above classification, the series defined in (1) can not be a U - Laurent series. This fact 


may be proved by the help of the Theorem 


Theorem 2.2. The 7 Laurent series defined by (1) doesn’t belong to the class U so that it belongs to the class 


S or to the class T. 
We will use the following lemmas in proof of the theorem. 


Lemma 2.1. Let 


Ply) = b> avy” 
v=0 


dy € F[z], aa £0 (d > 1), a = max da, (10) 
Then there are some elements Ao,Ai,...,Aa € F [x], not all zero satisfying. 


OA, < ad(q* —d+1) for0<j<dand 


qi-d 


SA" = ply) SS Aj 2 bag ty ty? 4 * —:, P(y)Q(y) (11) 


j=0,qi>d 


T 
wa 


where bo := 1 and by, fork > 1 is the sum of product of exactly k terms from ao, a1,...,@a, multiplied by (+ 


Proof. See the [1], lemma 4, page 416. 


Lemma 2.2. Let € K and |n| = q>. Under the hypotheses of Lemma 1 we have 


|Q(n)| < gota? at a? =a) max(a,r) (12) 
Proof. See the [1], lemma 5, page 417. 


3. PROOF OF THE THEOREMS 


Proof. (Theorem 1) 

Consider the polynomial defined by (4). With O(p) = d,aqg #4 0. The Theorem is true obliviously for d = 0. 
Because then |P(7)| = |ao|. ao € F[a] and since ao # 0 and we have, |ao| = q?“*°) > 1. So the left side of (6) 
is less then 1. Let d > 1. By Lemma 1 there are some elements the Ao, Aj,..., Aa € Fa] not all zero, such 
that 


qi-d 


SA" = ply) os A; Do Praa’"y ty? =, PYy)Q(y) (13) 


j=0,qI >d 


dA; < ad(q* — d+1) < adq*(0 <j <d) (14) 
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In (13) we put 7 instead of y and using the fact that F is a field having g elements. We get 


d ; d °° ; 
P(m)Q(n) = > Ajn® => AG LGU”. (15) 
j=0 j=0 k=0 


Separate the above sum as 5S; + S2, where 
att +k; ; af oo F 
9 = Geet S° A; >> G7" and S2=Gee? SA; D> Gueet (16) 
j=0  k=0 j=O0 = k=kj+1 
where § is non-negative integer to be chosen later. Let the rational integers k;(7 = 0, 1,...,d) be defined by 
] 


qd en, <eg< q? Fen, 41 (17) 


1) First, we prove that |S;| > 1. That is, we prove Siis a polynomial bu not equal zero. Their terms of the 
Si are 
Ge AG? = AsGea ee” (18) 
We show that 
eq" —exq >0 (19) 
by (17), and since k ranges from 0 to kj in the sum $1. We have 


e,0° — eng’ > q' (ex; — ex;) > 0 (20) 


which implies (19). By (19) and (18), 51 is polynomial. Now we show Sj isn’t identically zero as equivalently. 


We have equality in (19) when and only when & = @ and j = d. If we write the terms of $1, we find 


ko ka 
Sh = Ao & autat) ro As (>: aettnt) 
k=0 


k=0 
d d d 
St = Ao (Grete +. + G8! “ro ®) 7 RAG (crests! $$ GRT ha! ) (21) 
eet d a d d 
i min(e,q — eng’ ,e8¢° — €s-19") (22) 


G* divides of all terms in the sum(21) except only one term. Therefore , 


5 =G".R+Aa (RE F[z]) (23) 
and hence we find 
Si = Aa (mod G") (24) 
Since h = h(P) = q’, 
_ logh 
er (25) 
By (5) and (25) we find 
ad’ > 2 (26) 
e 


From (19) and (26) it holds (27). For this. Consider the sequence 
{e_1,€ = €0, 1, €2,...}. 


There are 6 non-negative integers such that 


d 


ep-1< <eg (27) 
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From (27) we obtain the following statement for the above 6 


ead 
ae 


By (17) we have egg?! > Ck, => q’j > a gt ok 


&p 


. e 
gr Sige 
eg 


further, since eg_1 < eg <1 0<1 Fea Thus we get 
fo f6sN sy 
eB 
From (22), 


by (14), (28) and (32) we obtain 


‘i > 0. Hence we obtain 


gu > ges > adg’ > ad (g"-d+1) > 0(Aa) 


that is, 
gu > O(Aa). 
this inequality means 
0(G") = gu>d(Aa). 


Hence we see G” doesn’t divide Ag. That is 
Ag # 0(mod G"), 


by (28) and (36) 


Si — Ag x 0(mod G") 


therefore S; is not identically 0. so S; is a non-zero polynomial. so it is shown that |.S;| > 1. 


(28) 


(29) 


(30) 


(31) 


(32) 


(33) 


2) we will show |S2| < 1 since k > kj +1 in Se, for the degree of the terms of S2, we may write the 


following inequality from (14): 


0 (Ger AG =0A;+ AGend en? 


<adq* +g (coq — erg’ ) 


<adq* +g (cea - ery) 


€k; ; 
< adq* — ges ( mi - i‘) 
by (17) q@eg < ek, 41 0< “i —q‘ is an integer. further, by (27) we obtain 
adq? < geg 


(34) 


(35) 
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f : Cky+1 4 d: ayes : 
rom (34), (35) and since eet ee positive integer, we get 
a (°° A;G-*** ) <0 
that is, the terms of Sz have negative degrees. this means 
|S2| <1 


3) we will prove the claim of the theorem. by the definition of S; and S2, we can write S; + S2: = 


Ged" P(n)Q(n). hence we obtain 


ey d 
[Si + Sol = |G"? [PMO (36) 
since |S;| > 1 and |S2| < 1, we get 
|S + $2] = max(|S1],,|$2|) = [$41 (37) 
By (36) and (37), we obtain 
egqt _ 
IPI Ql = |S11|e"**"| (38) 


let |n| = q. By (1) and since |G°#| = q@°8C* = 9%, 
we get |n| = q 7° = q 9° therefore X = —ge. since max(a, A) = max(a,—ge) = a and by lemma 2, we 
find 


d d d d d 
|Q(n)| z grt —d+1)+(q° —d) max(a,A) < qe" +aq z giittha (39) 


further, by (28) 


loses" 2, qi" 
2 genet" 
= ge (40) 
by (38),(39),(40) and since |Si| > 1 
IP in) = Isl ae" | Qa) 


> |e" amr 


éai 2d =a! d 
>q dq q (d+1)q (41) 


by (41) and since h = q® 


2) Spe se 
this is the claim of the theorem 1. 
Proof. (Theorem 2) 
let the degree of the polynomial P in Theorem 1 be 0(P) = d < n and let its height be 


h(P) =h < H by (6), 


|P(n)| = ya (eta eng?” (42) 
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(42) and (5) and by the definition of Mahler’s classification 

©, (H,n) > poet ha” eng?” 
for all sufficiently large natural numbers n and H. hence consequently 


log @n(H,n) > [—(n + 1)q” — eng?” | log H 


log On (A, n) n an 
< 
Sea < (n+ 1)" — eng (43) 
On) = pn aD Ta < eng?" +(n+1)q" (44) 
that is, for every index n 
On() < co 


by the definition of Mahler’s classification, ~4(7) = oo. This shows 7 can never to the class U so that it belongs 


to the class S$ or to class T. 
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TRANSLATION HYPERSURFACES WITH CONSTANT CURVATURE IN 
4-DIMENSIONAL ISOTROPIC SPACE 


MUHITTIN EVREN AYDIN * AND ALPER OSMAN OGRENMIS 


ABSTRACT. In the present study, we deal with translation hypersurfaces in the 4-dimensional 
isotropic space I* generated by translating planar curves. Due to absolute figure of I* there 
are four different types of such hypersurfaces. We classify these translation hypersufaces in 


I* with constant Gauss-Kronecker and mean curvature. 


1. INTRODUCTION 


Dillen et al. introduced a translation hypersurface M"~' in a n—dimensional Euclidean 


space R” as the graph of the form 
Un = fi (yi) +. + fn—1 (Yn-1), (1.1) 


where (Yj, ..., Yn) denote orthogonal coordinates in R” and f;,..., f, smooth functions of 
single variable. The authors in [8] proved that if M”~! is minimal, it is either a hyperplane 


or M"-! = M? xR"-3, where M? is the Scherk’s minimal surface (see [34]) given in explicit 


form 
1 cos (c 
=i |. cer 426 
c |cos (cy) 
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In many different ambient spaces, it was tried to generalize the Scherk’s result as defining 
the translation (hyper)surfaces, see [7 [9} [41]. In addition, 
Seo extended the above result to the translation hypersurfaces with arbitrary constant 
Gauss-Kronecker and mean curvature. 

Munteanu et al. brought forward a different perspective by generalizing the usual 
notion of translation surface and called it translation graph. More precisely, a translation 


graph in R?*4 is given in explicit form 


Ypt+q (Y1, 2; «ivy Upp 1) = fi (yi, 29 Gp) + fo (Yp-+1; rig pekg— 1) , 


for smooth functions f; : R? + R and fz : R?~! — R. They provided certain minimality 
results on the translation graphs. In addition, Lima et al. proved that a translation graph 
in R?T? has vanishing Gauss-Kronecker curvature if it has nonzero constant Gauss-Kronecker 
or mean curvature. 


Moruz and Munteanu dealt with the minimal graphs of the form 


ya (Yr, Yo, 43) = fi (y1) + fo (yo, ya) 5 


which can be expressed as the sum of a curve in y;y4—plane and a surface in yoy3y4—space. 

Notice that the graph of the form (1.1) is formed by translating n — 1 curves (called 
generating curves) lying in mutually perpendicular 2-planes. This bring with two restrictions 
on the translation hypersurfaces: one is that generating curves are planar and the second that 
the planes including the generating curves are mutually perpendicular. As the restrictions 
are removed, the different kinds of the translation hypersurfaces arise. For example; in the 
particular case n = 3, Liu and Yu introduced the notion of affine translation surface, 
i.e., the translation surface that the generating curves lie in non-perpendicular planes. They 
obtained minimal affine translation surfaces, so called affine Scherk surfaces. Furthermore, 
arbitrary constant mean curvature and Weingarten affine translation surfaces were presented 
in [15} (20). 

In this study, we are interested in the counterparts of translation hypersurfaces in isotropic 
geometry, i.e., a particular Cayley-Klein geometry (for details, see {16} [29] [40]). In 3- 
dimensional isotropic space I°, if the generating curves are chosen to lie in mutually per- 
pendicular planes, then three types of translation surfaces exist due to the absolute figure. 


Let M? denote a translation surface in I?, then we have 
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Type 1. both generating curves lie in isotropic planes; that is, M? is a graph of the form 


x3 (21, %2) =f (21) +g (x2) ) 


where (a1, 22,273) denote the isotropically orthogonal coordinates in I°. 
Type 2. One generating curve lies in non-isotropic plane and other in isotropic plane; that is, 


M? is a graph of the form 


v2 (21,23) = f (#1) +g (#3). 


Type 3. Both generating curves lie in non-isotropic planes; that is, M? is a graph of the form 


mr (2,3) = 5 (f (02 +e3 — 1/2) + 9 (m/2— 22 + &3)) - 


As well as the non-isotropic planes, Strubecker obtained the minimal translation sur- 
faces in I°, so called isotropic Scherk’s surfaces of type 1,2,3. These surfaces are respectively 


given as follows: forc € R, c#0, 73 =c (a? — a3) cE R,c £0 (type 1), 


Cx3 1 cos c (#2 + 43 — 7/2) 


t2=-—In (type 2) and 21 = (type 3). 


Cc COS CX 


2c |cosc(m/2 — x2 + 23) 


Recently, these results were generalized by Milin-Sipus to the translation surfaces in 
I? with arbitrary constant Gaussian and mean curvature. The situation that the generating 
curves in I° are non-planar extends the above categorization and the results. For example, 
see [I] [4]. 

In I’, there are four types of translation hypersurfaces whose the generating curves lie 
in mutually perpendicular k—planes (k = 2,3), see Section 3. In more general case, i.e. in 
arbitrary dimensional isotropic spaces, the translation hypersurfaces of type 1 were studied 
in [B]. The present study concerns other three types of translation hypersurfaces in I4 with 
constant Gauss-Kronecker and mean curvature. 

Due to the absolute figure of I” n > 3, for a smooth real-valued function f the graph 
hypersurfaces associated with the form x, = f (x1,...,%,—1) differ from other hypersurfaces. 
For example; the Gauss-Kronecker and mean curvature for such a graph hypersurface in I” 
correspond to determinant and the trace of the Hessian of f, respectively. The formulas of 
these curvatures were provided by Chen et al. [6]. As far as we know, this is first study 


formulating such fundamental curvatures for a generic hypersurface in I”. 


TRANSLATION HYPERSURFACES WITH CONSTANT CURVATURE 111 


2. PRELIMINARIES 


Some differential geometric approaches on curves and hypersurfaces in isotropic geometry 
can be found in [2] [5] 10) 12] 21) 26) (11) 80) Bil (321 83). 

Let P” denote the n—dimensional real projective space, w a hyperplane in P” and I” = 
P”\w the obtained affine space. We call I” n—dimensional isotropic space if w contains 
a hypersphere S with null radius. Then the pair {w,S} is called absolute figure of I” and 


parametrized in homogeneous coordinates by 
ene = Hii nae 20 
w:iug9=0, S:up Supt... +uz_1= 


The vertex of S is F'(0:0:...:1) called absolute point. Here, by a vertex we mean the 
intersection of all maximal generators of a quadric. For more details, see [37]. 
UL 


Denote affine coordinates 71 = ugrtn = a uo # 0. Then the group of motions of I” 


which preserves the absolute figure is given in terms of affine coordinates by 
A 0 
Bl 


where A is an orthonogal (n — 1,n — 1) —matrix, B a real (1,n — 1) —matrix. 
Let p = (p1,---; Pn), ¢ = (1; ---) Gn) be two points in I". The isotropic distance between p 
and q is defined by 


dj (p, q) _ 


If d; = 0, then the so-called range between p and q is defined as d? = |pn — dn]. 

A line is said to be isotropic if its point at infinity is absolute. Other lines are non- 
isotropic. We call a k—plane isotropic (non-isotropic) if it contains (does not) an isotropic 
line. In the affine model of I”, the isotropic lines and the isotropic k—planes are parallel to 


%p—axis. For example; the following 
aya, +... + ant = b, aj,b ER, 


determines an isotropic (non-isotropic) hyperplane if a, = 0 (4 0). 

Note that the hyperplane x, = 0, so-called basic hyperplane, is non-isotropic and therefore 
the Euclidean metric is used in it. 

As distinct from the Euclidean case, the orthogonality in I” does not bring with the 
perpendicularity. Obviously, two non-isotropic lines are orthogonal if their projections onto 


the basic hyperplane are perpendicular up to the Euclidean metric. Nevertheless, an isotropic 
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line is orthogonal to some non-isotropic line. As a consequence, each non-isotropic hyperplane 
is orthogonal to the isotropic one. In addition, two isotropic hyperplanes are orthogonal if 
their projections onto the basic hyperplane are perpendicular. 

We call a curve isotropic (non-isotropic) k—planar if it lies in an isotropic (non-isotropic) 


k—plane. 


2.1. Curvature theory of hypersurfaces. This part of isotropic geometry is similar to 
the Euclidean case. 

Let M"—!, n > 3, be a hypersurface in I” whose the tangent hyperplane at each point is 
non-isotropic. Such a hypersurface is said to be admissible. Then the coefficients g;; of the 
first fundamental form are calculated by the induced metric from I”. The normal vector field 
U of M”~' is completely isotropic, i.e. (0,0,...,1). 

For the second fundamental form, let us consider a curve r on M"~! with isotropic ar- 
clength s and the tangent vector t(s) = r’(s) = 4". Denote S' the projection of r” (s) = ie 


onto the tangent hyperplane of M"~!. Then, the following decomposition occurs: 
7" (8) = KgS + KnU, 


where kK, and ky, are geodesic and normal curvatures of r, respectively. Hence, it follows 


Kg = |\r" (s)||;, where |]-||; indicates the isotropic norm. In addition, by a direct computation, 


we have 
1 ay dx; dx; 
Kn = ————— det (Tz,5--57 AT ae en 2.1 
"det gj 2X (Pasa PanasT ees) as a ey 
where rz, = 2@ andr = 1<ij<n-1 If t 
vi = Oa; wt; = 9n,02,7* > bIS ip eS 
eds det Cees Sis ipsa) 
= 
/ det Giz 
into (2.1) then one can be rewritten in the matrix form as 
oe (dey. <daga\” 
kn =t! - [hy]: t, t= Kyles , 29 
nF ttyl t= (SS (2.2) 
where ”-” denotes the matrix multiplication. If r is a curve with arbitrary parameter, then 


(2.2) turns to 
eo 
t - [gig] - 


The extreme values of &,,, which we call principal curvatures, correspond to the eigenvalues 


TRU Ch? 


of the matrix [hj,]- [gis] . Let us denote the principal curvatures «1,...,Kn—1 and put [aij] = 
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his) + [ga3 7 Therefore, the characteristic equation of [a;;| follows 
j j j 
det ({ai;] oe Aly) = yt —tr [ai] re +.4+ Ain det [ai] — 0, 


which provides the fundamental curvatures, called isotropic Gauss-Kronecker curvature (or 
relative curvature) and isotropic mean curvature. We shortly call them Gauss-Kronecker 
(i) and mean curvature (H). Obviously, one obtains 
det [hi; 
K = ky...Kn_1 = det [ayj] or K = aa 
and 
WS 7).E = ei ekg =i lag); 

where tr denotes the trace of a matrix. 

A hypersurface is said to be flat (minimal) if A (#) is identically zero. 

Notice that the isotropic counterpart for the notion of shape operator in the Euclidean 


sense of a hypersurface is indeed a zero map. The matrix [a;;] however plays the role of the 


matrix corresponding shape operator in I”. 


3. CATEGORIZATION OF TRANSLATION HYPERSURFACES 


Let M? be a translation hypersurface in I+ generated by translating three curves lying in 
mutually perpendicular k—planes, k = 2,3. Denote the generating curves a, 6,7. Up to the 


absolute figure of I there are four types of such hypersurfaces given as follows: 


Type 1. Three of a, 8,7¥ are isotropic 2-planar. Then M® is parameterized by 
r(u,v,w) = (u,v, w, f (u)+g9(v) +h(w)), 


where a, 6 and ¥ lie in x1x%4—plane, r27%4—plane and x3x74—plane, respectively. 


Type 2. a is non-isotropic 2-planar and 3,7 isotropic 2-planar. Then M? is parameterized by 
r(u,v,w) =(u+v,w,f(u),g(v)+h(w)), 


where a, 8 and ¥ lie in x,23—plane, 71x4—plane and x224—plane, respectively. Ad- 
missibility implies that f is a non-constant function. 
Type 3. a, 6 are non-isotropic 2-planar and 7¥ isotropic 2-planar. Then M® is parameterized 
by 
r(u,v,w) = (u+o+w, f(u),g(v),h(w)), 
where a, ( and ¥ lie in x122—plane, x; 73—plane and x,x24—plane, respectively. Ad- 


missibility implies that neither f nor g is a constant function. 
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Type 4. Three of a, 8, are non-isotropic hyperplanar. The curves a, (,y and the hyperplanes 


Py, P3, P, containing them can be choosen as 


)=(f (u),u,u,ut+ 7m), Py: —2%9+%34+%4 = 7; 
B(v) = (g(v),v,v,-v + §), Pg: 2%9 +23 + 324 = 7; 


y(w) = (h (w) ,6w, —w, w — z), Py: 22+ 423-244 = 7. 


Then M? is parameterized by 


r(u0.w) = (F(u) +4 (0) Fh) wv + Ow, uv ia) vtwt), 


where af — ag # 0 because admissibility. 


A translation hypersurface of above one type is no equivalent to that of other type due to 
the absolute figure of I+. 


We hereinafter denote the derivatives of f,g,h with respect to the given variable by a 


prime and so. 


4. TRANSLATION HYPERSURFACES OF TYPE 2 


For a translation hypersurface of type 2, the matrices of the fundemantal forms are given 
by 


ff)? 126 i =i 0 
7 1 5 
[9:3] = 1 1 OO], [gi = GH 2 Taf) 0 
0 01 0 0 ie 
and 

ff 0 0 
[hgl=] 0 —-g" 0 
0 OS. ane 


Hence the Gauss-Kronecker and the mean curvature follows respectively 


KR go fl gt h" re 
(f") oe 


and 


"ot 1 y\2 
on a8 + gl” er + hl’. (4.2) 


Theorem 4.1. Let M® be a flat translation hypersurface of type 2 in I*. Then it is a 


cylindrical hypersurface with non-isotropic rulings. Furthermore if M? has nonzero constant 
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Gauss-Kronecker curvature then, up to suitable constants and translations of u,v,w, the 


following holds 


f (u) = du2, g(v) = pw?, hw) = w?, 
where A, u,€ € R and Apé 4 0. 
Proof. The (4.1) follows that K vanishes if at least one of f,g,h is a linear function 


with respect to the given variable, that is, at least one of the generating curves turns to a non- 
isotropic line. Without loss of generality we may assume that f is linear, i.e. f (u) = cyut+co, 


C1,C2 € R, c; #0. Hence, one can be parameterized by 
r (u,v, w) = u(1,0, 1,0) + (v, w,c2,g(v) +h(w)), 


which means that M? is congruent a cylindrical hypersurface with non-isotropic rulings. 
Now, let assume that the Gauss-Kronecker curvature is a nonzero constant Ko. So, the (4.1) 


leads to 


Gy 


for c3,¢4,¢5 € R and Ko = cgcacs # 0. After solving (4.3), we obtain 


= C3, gg = C4, nh!" = C5, (4.3) 


1 1 3 
f (u) =4—V-2c3u+cg+c7, g(v) = ae (2c4v + cg)2 +9 


C3 
and 
Ch 9 
h (w) = ee + Ci90W + C11, 
where cg, ...,¢11 € R. Up to congruency of I¢one may assume c7 = cg = C11 = 0 and up to 


+(2c4) 3 
304 


a translation on u,v, wchoose cg = cg = C190 = 0. Besides putting \ = =¥ —*6s eS 


and € = $ completes the proof. 


Theorem 4.2. Let M? be a minimal translation hypersurface of type 2 in I*. Then M® is 
either a non-isotropic hyperplane or, up to suitable constants and translations of u,v,w, one 
of the following cases occurs: 

(i) f=fu), f #0, g(v) =A, h(w) = nw; 

(ii) f (u) = Au2, g(v) = pw, h(w) = Sw, \u £0; 


(iii) f (u) = Au, g(v) = pr”, h(w) = liv LX ww, Au # 0; 
M3 


) 
ae 
) f 
(iv) = S? x R, where S? is the isotropic Scherk’s surface of type 2 in 1°, 


where X, u,€ € R. 
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Proof. The (4.2) leads to 
2 
iG VAP) 
aa 2 
(f’) (f’) 


The partial derivative of (4.4) with respect to w implies h” = ho, ho € R. If g’ = 0, we 


g #h =0. (4.4) 


get h(w) = c1w + ce. Putting c; = pw and applying a translation on w implies that M? is 
congruent to the hypersurface given in the case (i) of the theorem. Afterwards we assume 


g' #0. Then the partial derivative of (4.4) with respect to v yields 


Fa + [1+ (#)’] 9” =0. (4.5) 


a 


If g’ and g” are linearly independent then the contradiction 1+(f’) = 0 is obtained. Hence 


we have either g’ = 0 or g'” = kg", g” 40 andk eR. 
(1) g” =0. (4.4) can be rewritten by putting g’ = go 4 0 as 
fl 
ye” +ho = 0. (4.6) 
Being f” = 0 = ho is a solution to (4.6), which leads M? to be a non-isotropic 


hyperplane. If f”ho 4 0, (4.6) turns to 


i ho 
wo Hs (4.7) 
(f") 90 
By solving (4.7), we derive 
go fyho | = 
f (u) ei aa tez+c4, g(v)=govtcs 


and 


h 
Re) = zu + cew + C7. 


Up to congruency of I* one may assume cy = c7 = 0 and up to a translation on u, v, w 


choose c3 = ¢5 = cg = 0. After putting A = at [250 and ps = go we obtain that 
M? is congruent to the hypersurface given in the case (ii) of the theorem. 


(2) g” =kg", go” #0. (4.5) leads to 


pi =k [1+ (F)’]. (4.8) 
Being f” = 0 =k is a solution for (4.8). Therefore we write 


c 
f (u) = CguU + Co, g(v) = a + C4yU + C12, 
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per eta 1+c? 
where cg, ...,¢€12 € R, cgcio # 0. Considering it into (4.4) concludes h” = —— Fey or 
8 
1+¢ 
h(w) = 2 Sciqw? + cigw t+ cu, 
8 


for c13,¢C14 € R. As in the previous cases, up to suitable constants and translations, 
we obtain that M? is congruent to the hypersurface given in the case (iii) of the 
theorem. Assuming k 4 0 in (4.8) yields f” £0. Also we have g” = kg’ +c15,1¢R 


by integrating g’” = kg”. Hence substituting (4.8) into (4.4) gives 


eed 
C15 ——a—_ + ho = 0. (4.9) 
(f’)° 
The admissibility implies that f is a non-constant function and thus we conclude 
from (4.9) that ci5 = ho = 0, ie. A(w) = cigw + c17 for ci6,ci7 € R. Because (4.8) 


and being g” = kg’, we write 


i W 
FLA 
After solving (4.10), we obtain 
1 a tee 
= £7 arecos (cise ‘ ) , go) = ae : (4.11) 


for cig, cig € R, cigcig 4 0. By a change of parameter in (4.11) M? can be parame- 
terized as 


ko 


ee pee , 0, &,¥ 0, 1,0, 
EN u i) + w( C16) 


7 {G,U,w) = (fm 


and is congruent to S$? x R, where S$? is the isotropic Scherk’s surface of type 2 in I?. 


This completes the proof. 


Theorem 4.2. immediately implies the following corollary 


Corollary 4.1. Let M® be a translation hypersurface of type 2 in I*. Then, H = 0 implies 
K=0. 


Theorem 4.3. Let M® be a translation hypersurface of type 2 in I* with nonzero constant 
mean curvature Ho. Then, up to suitable constants and translations of u,v,w, one of the 
following cases occurs: 
(i) f=f(u), f #0, g(v) =A, h(w) = Bow’; 
(ii) f (u) = Au, g (v) = po, h(w) = 8Fw?, Ap A 03 
(iti)” fC) Nu3, g(v) = pv, h(w) = Ew?, Au 4 0, 3H = = + 2€ #0; 
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(iv) f (u) = Au, g(v) = pe, hw) = Gw?, u #0, 3H = “UMD 4 2¢ 4 0; 


(v) M? = S? xP, where S? is the isotropic Scherk’s surface of type 2 in I° and P is a 


parabolic circle in I? with isotropic curvature 3H, 


where r,u,€ ER. 


Proof. Reconsidering (4.2) leads to h” = ho, ho € R and therefore we get 
Not 1 1\2 
(f!) (f’) 


To solve (4.12), we distinguish two cases: 


(1) g = go, go € R. In particular; if go = 0, then we conclude ho = 3H and 


3 
h(w) = 5 How" tceyw+co, c1,c2 ER, 


which implies that M®? is congruent to the hypersurface given in the case (i) of the 
theorem. Nevertheless; if g9 4 0 then, by (4.12) we get 
3H — ho hi 
m9 (f) 
If 3Ho = ho in (4.13), we immediately obtain the proof the case (ii) of the theorem. 


(4.13) 


Otherwise, after solving (4.13) we obtain 


f(u)=4+% see 
~ 3H — ho Jo 


where 3Ho 4 ho and cz,c4 € R. Hence, after suitable translations and constants, we 
obtain that M? is congruent to the hypersurface given in the case (iii) of the theorem. 
(2) g’ £0. We consider two cases: 
(a) f’ = fo £0, fo ER. (4.12) leads to 


1 2 
3H = + fo g “te ho, 
fo 
which implies the proof of the case (iv) of the theorem up to constants and 
suitable translations. 


(b) f” £0. (4.12) implies ho = 3H and 


" 1\2 
a a eo) 


where cs € R, c5 £0. After solving (4.14), we obtain 


1 
Pius +) arccos (cge") , g(v) = See (4.15) 
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for cg,¢7 € R, cgc7 # 0. By a change of parameter in (4.15), M? can be written 


as 


3 
r(a,,w) = ($m 0,148) + (o.,0 3 Hw” 


which completes the proof of the theorem. 


5. TRANSLATION HYPERSURFACES OF TYPE 3 


For a translation hypersurface of type 3, the matrices of the fundemantal forms are given 


by 


\2 ails sel 
Poe) Pte ay 9 a? 
Pa 12 ie 1 -1 
[95] 1 1+ (g ) 1]; [9:5] 0 Go’? Gy? 
il 1 1 a1 =1 | 1 | 1 
(f° (9!) : GO =a 
and 
fUh' 

Fi 0 0 

[hig] 0 gh! 0 

0 0 hh” 


Hence the Gauss-Kronecker and the mean curvature are respectively 
2 

x ad (h’) fl gh" (6 1) 

(f'g')” 


and 


onan S| th" c Ti asl. (5.2) 


Theorem 5.1. Let M® be a flat translation hypersurface of type 3 in I*. Then it is a 
cylindrical hypersurface with non-isotropic rulings. Furthermore if M? has nonzero constant 
Gauss-Kronecker curvature then, up to suitable constants and translations of u,v,w, the 


following holds 


where A, u,€ € R and Apé # 0. 


Proof. The (5.1) follows that K vanishes if at least one of f,g,h is a linear function 
with respect to the given variable; that is, at least one of the generating curves turns to 
be a non-isotropic line. Without loss of generality we may assume that f is linear, i.e. 


f (u) = c1ut ca, c1,c2 € R, c1 40. Hence, M® can be parameterized by 


r(u,v,w) =u(1,c,0,0) + (vt w,co,g(v) +h(w)), 
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which means that it is congruent to a cylindrical hypersurface with non-isotropic rulings. 


Now, let us assume that K is a nonzero constant. So, (5.1) leads to 


at = 8 ae ets (HYP HY os, (6:3) 


for c3,C4,c5 € R and cgcqc5 # 0. After solving (5.3), we obtain 


1 1 
f (wu) =+- V¥—2c3u + ce +7, g(v) = £—V—2c4v + cg + 9 


3 C4 


and 


1 4 
helt) = eS (3c5w + C19)? + €11, 


where c¢,...,¢11 € R. Up to congruency of Ione may assume c7 = cy = C11 = 0 and up 


to a translation on u,v, wwe choose cg = cg = Cig = 0. Eventually, putting \ = = 


p= oot — 04 and € = (Gex)8 completes the proof. 


Theorem 5.2. Let M® be a minimal translation hypersurface of type 3 in I*. Then, M® is 
either a non-isotropic hyperplane or, up to suttable constants and translations of u,v,w, one 


of the following cases occurs: 


(i) f=f(u), f 40, 9g=g9(v), g £0, h(w) =A; 


) 
(ii) f (uw) =A(—w)2,, g(v) = Av?, h(w) = pw, Au #0; 
) 
) 


(iii) M? = S? x R, where S? is the isotropic Scherk’ s surface of type 2 in T°; 
1+kKe> envu mw 
(iv) f (u) = in] EYEE) or f (u) = ne™, 9 (v) = pln EYRE | or g (v) = Ee 
h(w) = pe™, where 7, k, A, UM, §,@,p,T are nonzero constants. 
Proof. Due to H = 0, (5.2) reduces to 
i i 1 1 
ast opt” Lt opt gel =? me 


It immediately follows from (5.4) that h’ and h” can not be linearly independent. In this 
manner we have either h’ = 0 or h"” = ch’, h' 40 and c, € R. Being h’ = 0 implies that M? 
is congruent to the hypersurface given in the first case of the theorem. Now we assume that 


h"” = c,h’ and h’' £0. To solve (5.4) there are two cases: 


(1) c1 =0, ie. h(w) = cow + ¢3, c2,c3 € R, co £ 0. Hence (5.4) reduces to 


as == a co ER. (5.5) 


Ne 
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If cy = 0, then M® turns to be a non-isotropic hyperplane. Otherwise, i.e. c4 4 0, 


solving (5.5) leads to 


a a 
f (u) = 0 JV—2cau + ¢5 +c6, 9 (v) = £— V2cq0 + C7 + cs, 
4 


4 


where cg, ...,cg € R. Up to congruency of I* one may assume cg = cg = 0. We may 


aslo choose c3 = c5 = c7 = 0 up to a translation on u,v,w. By putting A’ = avi 


and ju = c3, we obtain that M? is congruent to the hypersurface given in the case (ii) 
of the theorem. 


c; #0. Then (5.4) yields 


i /1 
f , 1 G , aA oe (5.6) 


Ge Oe oD @® 


where the roles of f and g are symmetric and thus it is enough to discuss the situation 
on f. We have two cases: 


(a) f’ = fo € R. (5.6) implies 


bin g! 


=—Cj. (5.7) 
gf [00 +83) Wo)? + 28] 
After solving (5.7), we obtain 
g(v) = 4 fo arccos (co [1 + fé] ee) , cog ER, o £0. 


“VFR 


On the other hand, since h” = cyh’ we get h(w) = cioe™”, cio € R, cio 4 0. By 
a change of parameter and up to suitable constants and translations we derive 
that M? is congruent to the hypersurface given in the case (iii) of the theorem. 


(b) f” £0. By symmetry, we have g’ # 0. Thereby, (5.6) implies 


f" Cl 


=~ +—> =c11, (5.8) 
Ga, Cho: 
and 
J C1 
a+ = C12, (5.9) 
(gg)? 
where cj), C12 € R and cjg = —c; — c11. From (5.8), we have 


= 


; 2 
aid (w) =x et + C13 2a , 13 ER, 13 £0. (5.10) 
C1 C1 
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If ci; = 0 in (5.10), then we can derive f (wu) = + (22) * eet Otherwise, we 


get 
1+ ,/1+ S8erau 
1 _ C13 1 C11 
u)=— tanh * ( 1+ 8 gaan) = In . 
ftw) VC1C11 Ci 2/eica 4 — , /1 4 S18 e2c1u 


C11 
Same solutions are also satisfied to (5.9). Up to suitable constants we complete 


the proof. 


Theorem 5.3. Let M® be a translation hypersurface of type 3 in I* with nonzero constant 
mean curvature Hp. Then, up to suitable constants and translations of u,v,w, one of the 
following cases occurs: 
1 
) = Au, 9(v) = (sev) *, b(w) = nw, Au #05 
(ii) f (u) = Aw2, g(v) = pw? h(w) = bw, Auk FO: 
( 


« 2 
(ii) f(u) = Au, g(v) = mo, hw) = area ae™ Au #0, 


where X, u,€ € R, 


Proof. Due to Hp 4 0, h cannot be constant in (5.2). We have to distinguish several 
cases to solve (5.2): 
(1) h’=ho ER, ho £0. Then we write h(w) = how +c, c1 € R. (5.2) reduces to 
); ee a 
ho (PP 


(5.11) 
where the roles of f and g are symmetric and so the situation on g is only considered. 


(a) g’ =0, g(v) = cov + 6s, c2,c3 € R, co #0. Then (5.11) reduces to 


fi 3H 
Ge = oe (5.12) 
and solving (5.12) gives 
1 6 
f (u) = 3Ho 7 + C4 + C5, C4,C05 © R. 


ho 


Up to congruency of I* one may assume c5 = 0 and up to a translation on u, v 
+h — Ho 
and w choose cy = c3 = c4 = 0. Furthermore by putting \ = a. C2 = ph 


and ho = € we conclude that M® is congruent to the hypersurface given in the 
case (i) of the theorem. 
(b) g” #0. Hence (5.11) implies 
fe 3H g” 


(fy = To cg and aay = cg, c6 CR, ce #0. (5.13) 
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Solving (5.13) gives 
1 3Ho 
f (u) = +- 2( co) whe + ¢ 
( ) 3H = ho 6 te 8 


1 
g(v) = +—/—2cgv + ¢9 + C10, 
C6 


and 


for c7,...,c190 € R. As in previous case, after applying suitable translations and 
choosing constants, the case (ii) of the theorem is proved. 


(2) h” £0. If f” =0 = g”, then (5.2) leads to 
h(w) =cnw* + enw + c13, 


where ¢11, C12, C13 € R. Up suitable translations and constants this implies the proof 
of the case (iii) of the theorem. If fg” 4 0, dividing (5.2) with h’ and taking its 


partial derivative with respect to w, we deduce 


h" h! / 1 1 
3Ho—> At "| c re. ae (5.14) 
(h’) ( (fF) 9’) 
Both-hand side must be nonzero in (5.14) and thus we can rewrite it as follows: 
hh" h" 4-1 1 1 
3H =1+ + . 5.15 
a [lir) (Fr)? (ot? ae 


This is a contradiction due to the fact that the right-hand side of (5.15) cannot be a 


constant. This completes the proof. 


Theorem 5.3. immediately implies 


Corollary 5.1. Let M® be a translation hypersurface of type 3 in I*. Then, H = const. 4 0 


implies K = 0. 


6. TRANSLATION HYPERSURFACES OF TYPE 4 


For a translation hypersurface of type 4, the matrices of the fundemantal forms are given 
by 
2+(f/)? 2+ fig 5+ fir! 
a] = | 2+ f'9 2+(9)? 54g'h' |, 
SER Shon B7eQy 


1 


49(f' — 92 


[9ij]* = 
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37 (g')? +2(h')? —109/h’+49 Bf! A’ +5g/h’—37f"g’—2(h')? —49 5 fg’ +2g/h’—2f"h'—5 (g’)” 
x | 5f’h' +59! h!—37f'g'—2(h')? -49 37 (f’)? +2(h')? -10f'h'+49 5B fg’ +2 fh! —2g'h’—5 (f')? 


5f'g' +2g/h'—2f'h'—5 (9!) 5 fg! +2f/h!—2g'h!—5 (f!)? 2(f')? +2(9')? —4f'9/ 
and 
f” 0 0 
h pa 2 A 
[Rig] = fli=¢ 0 g O 
0 0 h” 


Hence the Gauss-Kronecker and the mean curvature are respectively 
8 vy whl 
= mee (6.1) 
49 (f’ — 9’) 


and 


= 2 Oe 2 
3H = 49(f’—g’)3 { [37 (9') + 2(h’) 10g'h’ } 49] f"4 


1\2 | 1\2 pry an M (pl W\2 (6.2) 
+ [37 (f’)? + 2(h’)? — 10f’h’ +49] 9! + 2h” (f gy}. 


The roles of f and g are symmetric in (6.2) and, while solving it, the situations depending on f are 


only considered. 


Theorem 6.1. If a translation hypersurface of type 4 in I* has nonzero constant Gauss-Kronecker 


curvature Ko, then it is a cylindrical hypersurface with non-isotropic rulings, namely Ko = 0. 


Proof. Assume that K = Ko 4 0, it then follows from (6.1) that f’g"’h" 4 0. Hence (6.1) 
reduces to 
40K, Mt 
0 = f g = (6.3) 
Bho (f’ - 9’) 
where h” = ho £0, ho € R. The partial derivative of (6.3) with respect to wu yields 
f" (f/ -g) -5(f"" =0. (6.4) 


The fact that the coefficient of the term g’ in (6.4) must be zero leads to the contradiction f” = 0. 
Therefore K vanishes and at least one of f,g,h is a linear function with respect to the given variable; 
that is, at least one of the generating curves turns to be a non-isotropic line. Without loss of generality 


we may assume that f is linear, ie. f (wu) = c1u+ co, c1,c2 € R. Hence, one can be parameterized by 


r(u,v,w) =u(er,1,1,1)+ 


(co+g(v)+h(w),v+6w,v—w, v+w+ 2), 


which means that it is congruent to a cylindrical hypersurface with non-isotropic rulings. 


Theorem 6.2. Let M? be a minimal translation hypersurface of type 4 in I*. Then M® is either a 
non-isotropic hyperplane or, up to suitable constants and translations of u,v,w, one of the following 


cases holds: 


(i) f (u) = Au, g(v) = rAv - < In |p, h(w) = Saw = In cos RAEN Hay , #0; 
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(ii) f (wu) = Au- =, In |cos €w| ,g(v) =Av+ =, In |cos Ew| ,h(w) = Sy, bE #0, 


where r,,€ € R, 


Proof. The (6.2) follows 


0= [37 (9)? +.2(h’)? — 10g'h’ 4 49] fl 


(6.5) 
+ [37 (f’)? +2(h1)? — 1of"h! + 49] 9!” + 2h" (fF — 9!) 
We have two cases to solve (6.5): 
(1) f’ = fo, fo € R. (6.5) can be rewritten as 
v1 Dh" 
t+ ——s ———) (6.6) 
(fo -9') 2 (h’) 10 foh’ + 3875 + 49 


The situation that g’ = h’ = 0, g' # fo, leads M? to be a non-isotropic hyperplane. If 
gh" #0, (6.6) implies 


g!' 9p" 
(fo—g')” 2 (h’)? = 10 foh! + 37/3 +49” 


=Cj 
where c; € R, c; £0. After solving (6.7), we conclude 


(6.7) 


1 
g(v) = fov s In |ceyv + c2| + c3 


and 


/9 2 
vs ( ia Bs tea)]. 


9 r C5, 


where ¢o,...,¢c5 € R. Up to congruency of I* one may assume cz; = c, = 0 and up to a 
translation on v and w, choose co = cy = 0. Furthermore by putting A = fo and u = ci, we 
obtain that M% is congruent to the hypersurface given in the case (i) of the theorem. 
(2) f” #0. By symmetry, we deduce g” 4 0. We have two cases: 
(a) h’ = ho, ho € R. (6.5) can be rewritten as 


f" —g!" 
= Ce = , 
37 (f)2 —lOhof? +494+2h2 ~ —37(g/)? — 10hog’ + 49 + 2h2 


(6.8) 
for cg € R, ce £ 0. Solving (6.8), we conclude 


f(u) = 37c¢ In |cos (cgku + c7)| + a +g 
and 
1 h 
g(v) = I7e6 In |cos (—kAv + c9)| 4 aa + C40, 


where c7,...,cio € Rand k = \/1813 + 12h2. As in previous case; after applying suitable 


translations and choosing constants, we complete the proof of the case (ii) of the theorem 
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(b) h” # 0. Taking partial derivative of (6.5) with respect to u,v,w and then dividing 
fig’ h"" yields 


fm gl” . pl! 
ar gk Ae 
which leads to 
per = Cut’, gl" a Gao” pl! — gh", (6.9) 


for C11, C12, ¢13 € R with 5c11 + 5ci2 + 2ci3 = 0. Integrating (6.9) gives 
f" =cuf' +e, 9” =ciog’ +c15, bh” =cigh' +c, 


for C14, Cis5,Cie € R. On the other hand, taking partial derivative of (6.5) with respect 


to w and dividing h” leads to 
(4h' — 10g’) f” + (4h! — 10f’) 9” + 2h!” (f’ — g')? =0. (6.10) 

If we substitute (6.9) into (6.10), then 
(4h! — 10g') (caf! + era) + (4h! — 10f") (cr2g’ + e15) + 2er3 (f’ — g')” = 0, 
which is a polynomial equation on f’ or g’. This immediately gives c 3 = 0, i.e. 

(4h’ — 10g’) (cr. f’ + era) + (4h! — 10f’) (crag’ + c15) = 0. (6.11) 
Taking partial derivative of (6.11) with respect to w and dividing 4h” implies 

cuf’ + cig’ + cia + cis = 0, 


which means ¢11 = Cig = 0, ie. f’” = go!” =h'” = 0. Considering it into (6.5) and then 


taking parital derivatives its with respect to u and v yield 
eg =0 
ad 9 
which gives a contradiction. 
Theorem 6.3. Let M® be a translation hypersurface of type 4 in I* with nonzero constant mean 


curvature Hy. Then, up to suitable constants and translations of u,v,w, one of the following cases 


holds: 


(i) f (w) = Au, g(v) = wo, h(w) = MEO (d= p) w?, AF pe 
(ii) f (u) = du, g(v) = dv + wot, h(w) = Ew, w #0, 


where »,,€ € R. 


Proof. We have several cases to solve (6.2): 
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(1) f’ = fo € R. (6.2) then reduces to 


a (fy ao Y= 2 = 10 fp +3772 £49) 6” + On" oe) (6.12) 


where cy = ito #0. If g' = go € R and fo ¥ go in (6.12), then we immediately have 


147H) .. 
h(w) = F Y (fo go) w? + cow +3, C2,¢3 ER. 


If we put \ = fo, 6 = go and apply suitable translations on u,v, w, then we prove that M° is 
congruent to the hypersurface given in the case (i) of the theorem. Next we assume g” 4 0 
and consider the following cases: 


(a) h’=ho ER. (6.12) follows 


g” 
Gage = C4, (6.13) 
oe 
. Solving (6.13) leads to 


— C1 
for C4 = 37725 9R2—T0hofor49 


1 1 
g(v) = fov+ . (2cqv 4 cs)? + C6, C5,¢6 € R. 
4 


As in previous case; after applying suitable translations and choosing constants, we 


prove the case (ii) of the theorem. 


(b) h” £0. The partial derivative of (6.12) with respect to w gives 
g” hl!” 
= 14 
Goa?” RGN Bfo) oe 
where h’” #0 due to g” 4 0. (6.14) implies 
hl” 
a Bh (6.15) 


(fog OY (BRI = Bf)’ 
where c7 € R, c7 £ 0. Considering (6.15) into (6.12) leads to 


2 


(fo — 9’) = |2(h')” — 10h’ fo + 372 + 49] c7 + 2h”. (6.16) 


The contradiction g” = 0 is obtained by taking partial derivative of (6.16) with respect 
to v. 
(2) f” #0. The symmetry follows g” 4 0. We have two cases: 
(a) h” =0, h’ = ho. (6.2) can be rewritten as 


147Ho(f’—9')? 


2 
(6.17) 
37 (o') + 2h? 109" ho + 49] f+ [37 (fF)? Oh? = 10 fh $49] 9%. 


Twice partial derivatives of (6.17) with respect to u and v give 
qe / e gi” / 7 é 
f’ go g!! f ) 


ipl? / gl” ! 
(=) = 3 f", @ = —esg", cg ER. (6.18) 


which yields 
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Integrating (6.18) leads to 
ple gl” 


/ / 
=cgf' +09, eo Csg + C10, C9,C10 ER. 


Now taking partial derivative of (6.17) with respect to u and dividing f” gives 


441Ho (f’ — 9’)? 
MNOS ay" = |37 (g')” + 2he — 10g'ho + 49 (cg f’ + cio) + (74f + 10ho] g’. 
The last equation is a polynomial equation on f’; however, the leading coefficient is 
cael which cannot be zero. This is a contradiction. 


(b) h” A 0. Let us put @ = 4240 (f/ — g'). Then considering (6.2) and the equation 


paths = 0 gives 
fim . gl” . pl! 
Pe gk ee gir 
or 
gee is cut’, gl” = cig", pl! = ea3h", (6.19) 


for C11, C12, ¢13 € R with 5c1; + 5ci2 + 2ci3 = 0. Integrating (6.19) gives 
f! =af' +e1a, g” = c2g' +15, bY” = cgh' + cre. (6.20) 
Plugging (6.20) into (6.2) gives a polynomial equation on f’; however, the leading coef- 


ficient is el which cannot be zero. This completes the proof. 


Theorem 6.3. immediately implies 


Corollary 6.1. Let M® be a translation hypersurface of type 4 in I+. Then, H = const. 4 0 implies 
K=0. 
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ON RICCI TENSOR IN THE GENERALIZED SASAKIAN-SPACE-FORMS 


SUDHAKAR K. CHAUBEY* AND AHMET YILDIZ 


ABSTRACT. The object of the present paper is to study the properties of generalized Sasakian- 
space-forms. We prove the results related to Ricci symmetric, Ricci recurrent, cyclic par- 
allel and Codazzi type Ricci tensors. Results on Ricci soliton and gradient Ricci soliton 
are proved. Also, we provide the examples of generalized Sasakian-space-forms which are 


verified our results. 


1. INTRODUCTION 


An almost Hermitian manifold endowed with an almost complex structure J is said to be 


a generalized complex-space-form if the curvature tensor R is non-vanishing and satisfies 
R(X, Y)Z = Fi{g(Y, Z)X — g(X, ZY} + Fo{g(X, JZ) IY 
—9(Y, JZ) JX + 29(X, JY) JZ}, 


for smooth functions F,, F) and all the vector fields X, Y, Z. Motivated by this fact, 
P. Alegre et al. defined the generalized Sasakian-space-forms and proved many new re- 


sults. They also validate the existence of such space forms by providing non-trivial examples. 
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An almost contact metric manifold M equipped with almost contact structure (¢, €, 7, g) is 
said to be a generalized Sasakian-space-form if its non-vanishing curvature tensor FR satisfies 


the relation 
RXX,Y)Z = fitg(¥,Z)X — 9X, Z)Y} + fotg(X, oZ) oY 
—G(¥, bZ)PX + 2g(X, PY )OZ} + fa{m(X)n(Z)Y 
—Y )n(Z)X + (V)g(X, Z)E — n(X)g(Y, Z)§}, (1.1) 


for smooth functions fi, f2, fg on M and all the vector fields X, Y, Z € T(M), where T(M) 
denotes the tangent bundle of the manifold WM. We will denote the generalized Sasakian- 
space-form by M(/f1, f2, fs). A generalized Sasakian space form can be cosymplectic, Sasakian 
and Kenmotsu space forms if M is cosymplectic with f; = { = fo = f3, M is Sasakian and 
fi = ot3 | fe = fg = ot and M is Kenmotsu together with f; = <3 fe = f3 = cit 
respectively, where c is constant. Thus we can say that the generalized Sasakian-space-forms 
are the natural generalization of cosymplectic, Sasakian and Kenmotsu space forms. Various 
new results of the generalized Sasakian-space-forms have been noticed in ({I]-{4], [14]-[76], 
[21]-[23], [28}). 

In the beginning of 80's, Hamilton introduced the notion of Ricci flow to obtain a 
canonical metric on a differentiable manifold. Since then it became a powerful tool to study 
Riemannian manifolds of positive curvature. To prove the Poincaré conjecture, Perelman 
((25], [26]) used Ricci flow and its surgery. Also Brendle and Schoen [8] proved the dif- 
ferentiable sphere theorem by using Ricci flow. The evolution equation for metrics on a 


Riemannian manifold, called Ricci flow and defined as 


6) 
aii (t) = —25;;, (0) = 90, 

for go fixed metric on M, where 5;; denotes the components of Ricci tensor. The solutions 
of Ricci flow are called the Ricci solitons if they are governed by a one parameter family of 


diffeomorphisms and scalings. A triplet (g,V,A) on a Riemannian manifold (M, g) is called 


a Ricci soliton [19], natural generalized of Einstein metric, and satisfies 
1 
glvg +S +Ag=0, (1.2) 


where S' is the Ricci tensor, Lyg denotes the Lie derivative of Riemannian metric g along 
the vector field V on M and ) is a real constant [19]. A Ricci soliton is said to be steady, 


expanding or shrinking if \ = 0,A > 0 or  < 0, respectively. Ricci solitons are self similar 
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solution of the Ricci flow, possible singularity models of the Ricci flow and critical points of 
Perelman’s \-entropy and p-entropy [9]. Many authors studied the properties of of the Ricci 
solitons but few are ([9]-[13], [22], 27|). The metric g is said to be gradient Ricci soliton if 
the vector field V is the gradient of a potential function —f. In such case assumes the 


form 


VVfP a8 big, (1.3) 


where V represents the Levi-Civita connection of the metric g. 

Motivated by above studies, present authors continue the study of generalized Sasakian- 
space-forms and Ricci solitons. We organize the paper as: After introduction in section 
2, we brief the basic results of contact metric manifolds and generalized Sasakian-space- 
forms. In section 3, we present the equivalent conditions for scalar curvature, necessary and 
sufficient condition for Ricci symmetric and cyclic parallel Ricci tensor. We also prove that 
the generalized Sasakian-space-forms are certain class of almost contact metric manifolds 
under certain restrictions. The properties of Ricci and gradient Ricci solitons are given in 
section 4. Section 5 deals with examples of the generalized Sasakian-space-forms which are 


verified our results. 


2. PRELIMINARIES 


Let a differentiable manifold M (dimM = 2n + 1) of differentiability class C°° carries 
a global differentiable 1-form 7 (7 A (dn)" 4 0), a global non-vanishing vector field or the 
characteristic vector field € and the structure vector field ¢, then M is said to have a (¢, €,7)- 


structure or almost contact structure (¢,€,7) to M if 
n(€) =1 and @ =-I+7n@€, (2.4) 


where J denotes the identity transformation [6]. From (2.4), it can be easily see that ¢€ = 0, 
n.d = 0 and rank ¢ = 2n. A Riemannian metric g of type (0,2) is said to be compatible 


with the almost contact structure (¢@,€,7) if the relations 
WX,Y) = (OX, OY) +(X)n(V),  g(X,€) = 0(X) (2.5) 


hold for arbitrary vector fields X and Y on M. An almost contact structure (¢, €,7) equipped 
with a compatible Riemannian metric g is known as almost contact metric structure (¢, €,7, 9) 
and the manifold M endowed with the almost contact metric structure is called an almost 


contact metric manifold. If the fundamental 2-form of M defined as ®(X,Y) = g(X, ¢Y) for 
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arbitrary vector fields X and Y on M and satisfies dy = ®, then an almost contact metric 
manifold reduces to a contact metric manifold. A normal contact metric manifold is an 
almost contact metric manifold with [¢, ¢] = —2dn ® €, where [¢, ¢] represents the Nijenhuis 
tensor of ¢ and d is an exterior derivative. A normal contact metric manifold is Sasakian 
manifold. A Sasakian manifold is always a K-contact manifold (€ is Killing) although in 
dimension 3, K-contact is Sasakian. It is noticed that the generalized Sasakian-space-forms 


M (fi, fa, fz) satisfy the followings: 


S(X,Y) = Qnfi + 8f2— fa)g(X,Y) — (8f2 + (2n— 1) fa)n(X)nY), (2.6) 
QX = (2nfi + 3f2— fa)X — Bf2 + (2n — 1) fs)n(X)E, (2.7) 
R(X,Y)E = (fi — fa)in(V)X — n(X)Y}, (2.8) 

RE, X)Y = (fi — fa){9(X YE — (VY) X}, (2.9) 

S(X, €) = 2n(fi — fs)n(X), (2.10) 

r = 2n(2n+1)fi + 6nfo — 4nfs (2.11) 


for all X, Y, Z € T(M). Here Q denotes the Ricci operator such that S(X,Y) = g(QX,Y) 
and r is the scalar curvature to M. 


Before going to prove our main results in next sections, we recall the followings: 


Definition 2.1. A Riemannian manifold M of dimension n is said to be Ricci symmetric if 


the non-vanishing Ricci tensor S of M satisfies (Vx S)(Y,Z) =0 V X,Y, Z © T(M). 


Definition 2.2. An n-dimensional Riemannian manifold M endowed with the non-zero Ricci 
tensor S is said to be a Ricci recurrent if (VxS)(Y,Z) = A(X)S(Y,Z) holds for all 
X,Y, Z €T(M). Here A is a non-zero 1-form. 


Definition 2.3. A non-zero Ricci tensor S of an n-dimensional Riemannian manifold M is 
said to be Codazzi type [5], or cyclic parallel if S satisfies (VxS)(Y, Z) = (VyS)(X,Z), 
or (VxS)(Y, Z) + (Vy S$)(Z, X) + (VzS)(X,Y) =0, respectively for all X,Y, Z €T(M). 


ON RICCI TENSOR IN THE GENERALIZED SASAKIAN-SPACE-FORMS 135 


3. MAIN RESULTS 


In this section, we study the properties of Ricci symmetric, Ricci recurrent, Codazzi type 
Ricci tensor and cyclic parallel Ricci tensor on a generalized Sasakian-space-form. 
We recall the following theorem of P. Alegre et al. that we will be useful to prove our 


main results. 


Theorem 3.1. Let M(fi, fo, fg) be a generalized Sasakian-spce-form. Let M is a contact 
metric manifold, then f, — f3 is constant on M (see Theorem 3.10, page 164, {I]). 


Lemma 3.1. On a generalized Sasakian-space-form M(f1, fo, fz), the following conditions 
are equivalent: 

(i) scalar curvature of M (fi, fo, fz) is constant, 

(ii) (2n—1)fi+3f2 is constant, 

(itt) 3f2 + (2n — 1) f3 is constant. 


Proof. Let us suppose that the scalar curvature of M(f1, fo, fz) is constant and 


therefore dr(X) = 0 for arbitrary vector field X on M(f1, fo, f3). From (2.11), we have 


r= 2Qn{(2n+1)fi + 3fo — 2f3} = 2n{(2n — 1) f, + 3f2 + 2(fi — fs)}.- 


In view of Theorem and above discussion, we have d((2n — 1) fi + 3f2)(X) = 0, for the 
vector field X on M(f1, fo, fz). This shows that (2n—1)f1+3/f2 is constant on M(fi, fo, fs). 


Hence (7) = (i). Next, 


(2n —1) fi + 3fo = (2n—1)(fi — fa) + 8f2 + (2n — 1) fs, 
which shows that 
d((2n — 1) fi + 3f2)(X) = d(8fo + (2n — 1) fz)(X). 


If (2n — 1)f; + 3fo is constant on M(fi, fo, fz), then 3f2 + (2n — 1) fs is also constant on it. 
Now we have to prove that (ii) => (¢). Equation (2.11) can be written as 


r—In(2n + 1)(fr — fa) = 2n{3f2 + (2n — 1) fs}. 


It is obvious from the above equation and Theorem that dr(X) = 2nd(3fo + (2n — 
1) f3)(X). This informs that if 3f2 + (2n — 1) fs is constant on M(f1, fa, fz), then the scalar 


curvature of M(fi, fo, fg) will be also constant. This complete the proof. 
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In [28], authors proved that on a Ricci symmetric generalized Sasakian-space-form, f; — fs 


is constant. Motivated by this, we are going to prove the following: 


Theorem 3.2. Let M(fi, fo, f3) be a (2n+1)-dimensional generalized Sasakian-space-form. 
Then M(f1, fo, fg) is Ricci symmetric if and only if either the characteristic vector field of 


M is parallel and scalar curvature is constant or 3f2 + (2n —1)f3 =0 . 
Proof. Equation (2.6) can be rewritten as 
S(Y,Z) = ag(¥, Z) + bn(¥)n(Z), (3.12) 


where a = 2nf, + 3f2 — fz and b = —3f2 — (2n — 1) fs are smooth functions on M(f1, fo, fs). 
In consequence of (3.12) and the Theorem |3.1| we have 


da(X) + db(X) =0, (3.13) 


for arbitrary vector field X € T(M). Covariant derivative of (3.12) along the vector field X 


gives 
(VxS)(¥,Z) = da(X)g(¥, Z) + db(X)n(Y)n(Z) 
+0[(Vxn)(Y)n(Z) + (Vxn)(Z)n(¥)]- (3.14) 
Setting Z = € and using and in (3.14), we find 
(Vx5)(¥,€) = b(Vxn)(Y) + (Vxn)(€)n(¥)]. 
Since g(£,€) = 1+ g(Vx€,€) = 0, therefore above equation takes the form 
(Vx5)(¥,€) = b(Vxn)(Y). (3.15) 


Let us suppose that M(f1, f2, fs) is Ricci symmetric, that is VS = 0, and therefore (3.14) 


assumes the form 


da(X)g(¥, Z) + db(X)n(¥ )n(Z) + O(V xn) (Y)n(Z) + (Vx0)(Z)n(¥)] = 0. (3.16) 
Changing Z by € in and then using (2.4), and (3.13), we have 
b(Vxn)(Y) =0. (3.17) 


This reflects that either b = 0, i.e., 3f2 + (2n — 1) fg =0 and (Vxn)(Y) £0 or (Vxn)(Y) = 
0 > Vxé = 0, that is the characteristic vector filed of the manifold is parallel and b ¥ 0. 


Thus in view of Vx€ = 0, equations (2.5), (3.13) and (3.16) reflect that 


da(X)g(4Y, Z) = 0, V X,Y,Z€T(M). (3.18) 
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In general, g(¢Y, ¢Z) # 0 on almost contact metric manifold and thus a = constant > r = 
constant, where Theorem [3.1] and Lemma|3.1] are used. To prove the converse part first we 
suppose that 3f2 + (2n — 1)f3 = 0 and (Vx7)(Y) # 0 and thus with and (3.14), we 
find that VS = 0. Secondly, we consider that 3f2 + (2n — 1) f3 4 0 and (Vx7)(Y) =0 with 
constant scalar curvature on M(f1, fo, fg) . Since r is constant, therefore by Lemma [3.1] it 
can easily verify that a,b = constants. Hence equation shows that VS = 0. Thus the 


Theorem is proved. 


Theorem 3.3. [7] Let M?"*! be a contact metric manifold of dimension (2n + 1) and 
R(X,Y)€ = 0 for all vector fields X and Y € T(M). Then M?"*! is locally the product 
of a flat (n + 1)-dimensional manifold and an n-dimensional manifold of positive constant 


curvature 4. 
By considering above discussions and Theorems [3.2] and [3.3] we state the following: 


Corollary 3.1. Let M(fi, fo, fg) be a (2n+1)-dimensional generalized Sasakian-space-form 
and 3f2 + (2n—1)f3 40. Then M is locally isometric to E"*! x $"(4) forn > 1 and flat 


forn=1. 


Next we are going to study the Ricci recurrent generalized Sasakian-space-forms and 
prove its existence. We suppose that the generalized Sasakian-space-form M(f1, fa, f3) is 


Ricci recurrent, that is the non-vanishing Ricci tensor S of M(f1, fo, fs) satisfies 
(VxS8)(¥,Z) = A(X)S(Y, 2), (3.19) 


for arbitrary vector fields X, Y and Z on M(fi, fo, fg), where A is any non-zero 1-form [24]. 


Setting Z = € and using (2.6) in (3.19), we get 


(VxS)(¥,€) = 2n(fi — fa)A(X)n(Y), (3.20) 


W(Vxn)(Y) = 2n(fi — fa)A(X)n(Y), (3.21) 


where equations (3.15) and (3.20) are used. Putting Y = € in (3.21) and then use of (2.4) 


and (2.5) we have A = 0, provided f; ¢ f3. Hence we observe the following: 


Theorem 3.4. There does not exist a Ricci recurrent generalized Sasakian-space-form M (f1, fo, fs), 


provided f; # fs. 
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Theorem 3.5. Let M(fi, fo, f3) be a generalized Sasakian-space-form and 3f2 + (2n — 1) fs 
is a non-zero constant on it. Then the Ricci tensor of M(fi, fo, fz) ts cyclic parallel if and 


only if the characteristic vector field of the manifold is Killing. 


Proof. In (3.14) setting Y = Z = e;, where {e;,i = 1,2,...,.2n + 1} be a set of 
orthonormal vector field of the tangent space at each point of the manifold M and taking 


summation over i (1 <i < 2n +1), we find that 
dr(X) = (2n + 1)da(X) + db(X). 


Since 3f2 + (2n — 1)f3 is a non-zero constant and therefore by Lemma 3.1] it is obvious that 


the scalar curvature of M(f1, fz, fz) is constant. Thus above equation gives 
(2n + 1)da(X) + db(X) = 0. (3.22) 


From (3.14), we have 
(VxS)(Y, Z) + (Vy S)(Z, X) + (VzS)(X,Y) 
= da(X)g(Y, Z) + da(Y)g(Z, X) + da(Z)g(X,Y) 
+db(X)n(Y)n(Z) + db(Y)n(Z)n(X) + db(Z)n(X)n(Y) 


+O[(Vxn)(Y)n(Z) + (Vxn)(Z)n(¥) + (Vyn)(X)n(Z) 


+(Vyn)(Z)m(X) + (Van)(Y)n(X) + (Van(*)n¥)]. (3.23) 


Let us suppose that the Ricci tensor of M(f1, fo, fs) is cyclic parallel. Then (3.23) converts 


into the form 
da(X)g(Y, Z) + da(Y)9(Z, X) + da(Z)g(X,Y) 
+db(X)n(¥ )n(Z) + db(Y)n(Z)n(X) + db(Z)n(X)n(Y) 
+[(Vxn)(Y)n(Z) + (Vxn)(Z)n(¥) + (Vyn)(X)n(Z) 
+(Vyn)(Z)(X) + (Van) (¥)n(X) + (Van)(X)n(¥)] = 0. (3.24) 
Changing Y and Z by € and using and in (3.24), we get 
da(X) + db(X) + 2{da(€) + db(€) }n(X) + 2(Ven)(X) = 0. 
In consequence of (8.13), last expression becomes 


(Ven)(X) = 0. (3.25) 
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Replacing Y and Z with e; in (3.24) and then taking summation for i, 1 <i < (2n +1), we 


have 
2n+1 


(n+ 1) da(X) + able) X) + D7 (Wea) (eaX) = 0 (3.26) 


where equations (2.4] (2.4), (2.5), B.13 3.13) and (3.25) are used. Putting X = € and using and 
in (3.26), we obtain 


2n+1 
nda(&) +b 2 nen) = 0, (3.27) 
Equations (3.13), and (3.27) give 
da(X) = da(€)n(X) = —db(X). (3.28) 


In consequence of (2.5), and (3.24), we have 
da(X)g(¢Y, 6Z) + da(Y )9($Z, dX) + da(Z)g(oX, oY) 
H[(Vixn)(Y )n(Z) + (Vxn)(Z)n(Y) + (Vvn)(X)n(Z) 


+(Vyn)(Z)n(X) + (Van)(Y)n(X) + (Vazn)(X)n(V)] = 0. (3.29) 
Setting Z = € in (3.29), we get 


(Vxn)(Y) + (Vyn)(X) = 0, (3.30) 


where equations (2.5), (3.13), (3.22), and are used. This shows that the char- 


acteristic vector field € of M(f1, fo, fg) is Killing. Conversely, we suppose that the equation 
(3.30) holds and 3f2 + (2n — 1) f3 is a non-zero constant on M(f1, fo, f3). With the help of 


(3.13), (8.22), (8.23), and Lemma[3.1] we can prove that (Vx $)(Y, Z)+(Vy$)(Z, X)+ 


(VzS)(X,Y) =0. Hence the statement of the Theorem is satisfied. 


Theorem 3.6. If the Ricci tensor of M(fi, fo, fz) is of Codazzi type, then M(fi, fo, fs) ts 


either a certain class of almost contact metric manifold whose characteristic vector field € 


satisfies or Ricci symmetric. 
Proof. From , we have 
(VxS)(Y, Z) — (Vy S)(X, Z) = da(X)g(¥, Z) + db(X)n(Y)n(Z) 
—da(Y¥)g(X, Z) — db(Y )n(X )n(Z) + (Vx) (Y )n(Z) 


+(Vxn)(Z)n(¥) — (Vyn)(X)n(Z) — Vyn)(Z)n(X)]. (3.31) 
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Let us suppose that the Ricci tensor of M(f1, fo, fs) to be Codazzi type, that is (Vx S)(Y, Z) = 
(Vy S)(X, Z). Thus from equation (3.31), we have 


0 = d[(Vxn)(Y )n(Z) + (Vxn)(Z)n(Y) — (Vyn)(X)n(Z) — (Vyn)(Z)n(X)| 
+da(X)g(¥, Z) + db(X)n(¥ )n(Z) — da(Y )g(X, Z) — db(Y)n(X)n(Z). (3.82) 
Changing Y and Z with € in (3.32), we obtain 


b(Ven)(X) = 0, (3.33) 


where equations (2.4), and (3.13) are used. Again setting Z = € in (3.32) and then 
using equations (2.4), (2.5), (3.13) and (3.33), we conclude that 


b(Vxn)(Y) — (Vyn)(X)] = 0. (3.34) 


This shows that either b = 0 ==> 3f2 + (2n — 1) f3 = 0 or (Vxn)(Y) — (Vyn)(X) = 0, that 
is the contact 1-form 7 is closed. Now we have two cases: 
Case I: Let us suppose that b is a non vanishing smooth function on M(fi, fo, fz) and 


(Vxn)(Y) — (Vyn)(X) = 0, that is the contact 1-form 7 is closed. Thus we have 
WV xE,Y) = g(X, Vy6). 
Again putting Y = € in (3.32), we find that 
b(V.xm)(Z) — da(f){g(X, Z) — n(X)n(Z)} = 9, (3.35) 


where equations (2.4), (2.5), (3.13) and (3.33) are used. The straight forward calculation 
from (3.35) shows that 


VxE =V{X — (X) Eg}, (3.36) 


y= dale) # 0. Equation (3.36) reveals that M(f1, fo, fg) under consideration is a certain class 


of almost contact metric manifold. If b is a non-zero constant, then da(é) = 0 => Vx€é = 0. 


Thus the characteristic vector field € of M is parallel. On the other hand if v € R (Wis a 
real number and v # 0), the equation (3.36) reflects that M(f1, fe, f3) with our assumption 
becomes v-Kenmotsu manifold [20]. 

Case II: In this case we consider that (Vx7)(Y) — (Vyn)(X) 4 0 and b = 0 => 3fo+ 
(2n — 1) f3 =0 on M (ft, fo, fg). By considering this fact, takes the form 


S(Y, Z) = 2n(fi — fs)a(¥, 2), (3.37) 
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provided f; # fs. Taking covariant derivative of (3.37) along the vector field X, we find that 
(VxS)(Y,Z) =0 (3.38) 


by virtue of Theorem|3.1| This tell us that the Ricci tensor of M(f1, fo, fg) is Ricci symmetric 
and manifold under consideration to be Einstein manifold. Hence the statement of the 


Theorem is satisfied. 


4. RICCI SOLITON IN GENERALIZED SASAKIAN-SPACE-FORMS 


This section deals with the study of Ricci soliton and gradient Ricci soliton in generalized 
Sasakian-space-forms M(f1, f2, f3). In [16], authors proved that on the generalized Sasakian- 
space-form a second order parallel symmetric tensor is proportional to a metric tensor g. 
Recently P. Majhi with U. C. De studied the properties of Ricci soliton and gradient 
Ricci soliton in three dimensional generalized Sasakian-space-forms under certain restrictions. 

Since Vg = 0 on M and therefore for a constant \ € 9% (KR being real number), V2Ag = 0 
holds on M. Therefore equation shows that Lyg + 2S is parallel. This discussion with 
Theorem 3.1 [for more details see p.4 , {16]] reflects that Lyg + 2S is a constant multiple of 
metric tensor g, that is £yg + 2S = ag, where a is a constant. Thus £Lyg + 25 + 2Ag = 


(a+ 2A)g =0> A=—§. We state the following lemma: 


Lemma 4.1. Let M(f_, fo, fz) is a (2n + 1)-dimensional generalized Sasakian-space-form. 
A Ricci soliton (g,V,) on M(fi, fa, f3) to be shrinking and expanding if a is > 0 and < 0, 


respectively. 


In particular, if we suppose that V = € on M(f1, fo, fz), then (Le)g(€,€) = 0. Setting 
X =Y =V =€ in (1.2) and then applying (2.4) and (2.10), we find that A = —2n(f1 — f3). 


Hence we can say the following: 


Lemma 4.2. A Ricci soliton (g,€,) in M(fi, fo, fg) (dimM = 2n +1) is shrinking, ex- 


panding and steady if fi > f3, fi < fg and fi = fs, respectively. 


Remark 4.1. It is observed in Lemmal4.9 that the classification of Ricci flow is independent 


of smooth function fo. 


Also we consider that V is a point wise collinear with €, that is V = G&, where 6 is a 


non-zero smooth function on M(f1, fo, fz). Thus we have 


25(X,Y) = —2Ag(X, VY) — (XB)n(Y) — (VY B)n(X) — Bg (VxE,Y) + 9(X,Vve)}. (4.39) 
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Changing X and Y with € in (4.39) and then utilizing equations (2.4) and (2.5), we have 


d= —{£8 + 2n( fi — fs}. (4.40) 
Again putting X = € in (4.39) and making use of equations (2.4), (2.5), (2.10) and (4.40), 


we conclude 


dB = —(€8)n, (4.41) 


which shows that { is constant and therefore from (4.40) A = —2n(fi — f3) on M(/fi, fa, f3)- 
Let us suppose that the Ricci tensor of M(f1, fa, fz) is cyclic parallel and therefore by the 


Theorem |3.5} we can say that the characteristic vector field of M(f1, fo, fz) is Killing. By 
considering this fact and (4.41), equation (4.39) takes the form 


S(X,Y) = —2n(fi = fs)g(X,Y), (4.42) 


for all X,Y € T(M). Equation (4.42) with Theorem reveals that M(fi, fa, fg) is an 
Einstein manifold. It is obvious from (4.42) and Theorem that the scalar curvature of 


M (fi, fa, fz) is constant. Hence we state the following: 


Theorem 4.1. Let M(fi, fo, fz) be a (2n + 1)-dimensional generalized Sasakian-space-form 
whose Ricci tensor is cyclic parallel. If the metric g is a Ricci soliton and V pointwise 
collinear with the characteristic vector field € on M(fi, fa, f3), then the scalar curvature to 


be constant and M(fi, fo, fg) 1s an Einstein manifold. 


Next we are going to study the properties of gradient Ricci soliton on generalized Sasakian- 
space-forms. Let the Ricci tensor of M(f1, fo, fs) is cyclic parallel and g is a gradient Ricci 
soliton on M(f1, f2, f3). Thus we have from (1.3) 


Vy Df = QY 4+)yY, (4.43) 


for arbitrary vector field Y on M(fi, fo, fz), where D denotes the gradient operator of g. In 


view of (4.43), we get the expression for curvature tensor as 
R(X,Y)Df = (VxQ)(Y) -— (VyQ)(X), (4.44) 
for all the vector fields X,Y on M(fi, fo, f3). We have from equation 
WREY)DF,£) = 9((VeQ)(Y) — (Vv Q)(6), &)- (4.45) 
In consequence of and Theorem [3.1] we can easily prove that 


(Vy Q)(é) =0. (4.46) 
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From equation (2.7), we conclude that 
(VxQ)(Y) = da(X)Y¥ + db(X)n(V)é + (Vx) (YE + n(V)V x]. 


Setting X = € in last expression and utilizing the equations (2.4), (2.5), 3.13) and (3.25), 


we have 
(VeQ)(Y) = da(€)(¥ — n(¥)€). (4.47) 
By using the equations (4.46) and (4.47), equation (4.45) assumes the form 
ARE,Y)DF,€)=0, V YeT(M). (4.48) 


Also from equations and Theorem 3.1} we get 
AREY) DFE) = (fi — fa)tg Df) — n(Df)n(V)}- (4.49) 


Equations (4.48) and (4.49) give 
Dy = (eye, (4.50) 


provided f; # f3 on M(fi1, fo, fz). In view of (4.43) and (4.50), we compute 


S(X,Y) + AgQ(X,Y) = oY (EAE + (Ef) VE, X). (4.51) 
Changing X with € in and then using the equations (2.4), and (2.10), we have 
Y (Ef) = {A+ 2n(fi — fa) }n(Y). (4.52) 
Using in (4.51), we find that 
S(X,Y) + Ag(X,Y) = {A + 2n(fi — fa) }n(X)nVY) + (Ef)o(Vyvé, X). (4.53) 
By the help of (4.53), equation takes the form 
Vy Df = {A+ 2n(fi — fa)}n(VE + (EA)VvE. (4.54) 


We have from equation 
R(X,Y)Df = (EA)R(X, VIE + [A + 2n(fi — fa) tan, YE 
+MY Vx — (X)Vve} + X(Ef)VvE — YEP)V XE, 
which gives 
G RX, Y)(EAE §) = [A+ 2n(fi — fs)|an(X, Y), (4.55) 
where equations (2.4), (2.5), (2.3), and are used. From (4.55), we get 


A= -2n(fir — fs) (4.56) 
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because d7(X,Y) is non-vanishing on contact metric manifold (in general). From (4.52) and 


(4.56), we calculate that 


Ef =c (constant) 


and hence 


df = c€ cdn = 0 = c= 0. 


Using this fact in above equation, we conclude that f = constant. In view of (4.53), (4.56) 


and above facts, we obtain 
S(X,Y) = 2n(fi — fs)g(X, Y). 


If fi # fg, then by Theorem 3.1] we can say that M(f1, fo, fz) is an Einstein manifold. Thus 


we state: 


Theorem 4.2. Let M(fi1, fa, fz) be a (2n + 1)-dimensional generalized Sasakian-space-form 
whose Ricci tensor is cyclic parallel and f; # fz. If the metric g of M(fi, fa, fz) is a gradient 


Ricci soliton, then the manifold is an Einstein manifold and the scalar curvature is constant. 


5. EXAMPLES 


Example 5.1. Let N(p,q) be a generalized complex-space-form of dimension 2n, then by the 

warped product M = 8 xs N endowed with the almost contact metric structure (@,€,n, 9f) 

is a generalized Sasakian-space-form M(f\, f2, f3) with 

pay q 

rT. ne) wi f3 = — + 
ie i ye f 

where f = f(t),t € R (set of real number) and f' denotes the first derivative of f with 


f= 0 Sa 


fo= (5.57) 


respect tot and f", second derivative of f with respect to t [I]. If we choose f(t) = sinpt for 
non-zero constant p, where t # i noone and q = Qn Dp@D (4 0), then equation 


takes the form 


909 2 2 

p — p-cos*pt 2n —1)(p* — p p-—p 

i= 8 ae) i ) and B= 
sin“ pt 


3s8in2pt sin2pt 
It is obvious from the above expression that f; — f3 = p? = constant. Hence the Theorem|3. 1 
is verified. 

Also, (2n — 1) f, + 3f2 = (2n — 1)p? = constant and 3f2 + (2n —1)f3 = 0. Again from 
(2.11]) and above relation, the scalar curvature r = 2n{(2n+1)f1+3fo—2f3} = (2n+1)p? = 
constant. These relations verify the statement of the Lemma{3. | 
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Above result with give 
S(X,Y) = 2np’g(X,Y), (5.58) 


for arbitrary vector fields X and Y on M(f1, fo, fs). Taking covariant derivative of 


along the vector field Z, we have 
(VzS)(X,Y) =0. (5.59) 


From equation (5.59), we can easily observe that M (fi, fo, fg) ts Ricci symmetric if and only 
if 3f2 + (2n —1)f3 =0. Hence the statement of the Theorem 


Example 5.2. Let us suppose that M = Rx N equipped with an almost contact metric 
structure (@,£,7, gf) 1s a generalized Sasakian-space-form M(f1, fo, fs), where fi, fo, fs are 
smooth functions on M defined in and N(p,q) be a generalized complex-space-form. 
If we consider f(x) = e*, t ER and 3q+(2n—1)p = pe* (0A pw € KR), then equation 
converts in to the form 


p— 4ett 


_ 4ett 
=? ee (5.60) 


At ) fo = cm f= 


fi 


e e 


It is obvious from equation , fi — fg = —4(constant). Hence the statement of the 
Theorem 


In view of (2.11) and (5.60), we find that 
(2n — 1) fi +3fe = w— 4(2n — 1) = constant, 3f2+ (2n —1)f3 = uw = constant 


and r = 2n(u — 4(2n — 1)) = constant. From the above discussion, we can see that Lemma 


is verified. 
Also equations and give 
S(X,Y) = (w— 8n)9(X,Y) — pn(X)n(¥), VX,Y,Z€ T(M). (5.61) 


Differentiating covariantly along the vector field Z, we obtain 
(VzS)(X,Y) = —ut(Van)(X)n(¥) + (Van)(Y)n(X)f- (5.62) 
From (5.62), we find that 
(VzS)(X,Y) + (VxS)(Y, Z) + (VyS)(Z, X) 
= —p{[(Vzn)(X) + (Vxn)(Z)]nY) + [(Vzn)(¥) 


+(Vyn)(Z)|n(X) + (Vx) (Y) + (Vyn)(X)]n(Z)}- (5.63) 


146 


SUDHAKAR K. CHAUBEY* AND AHMET YILDIZ 


From equation (5.63), it can be easily prove that the Ricci tensor of M(fi, fo, fz) is cyclic 


parallel if and only if the characteristic vector field € is Killing. Thus the Theorem [3.5| 18 
verified. 
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